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^ ■ We consider the Z*QQ vertex to order in the QCD couphng for an 



on-sheU massive quark-antiquark pair and for arbitrary momentum transfer 
of the Z boson. We present closed analytic expressions for the two parity- 
violating form factors of that vertex at the two-loop level in QCD, excluding 
the contributions from triangle diagrams. These form factors are expressed in 
terms of 1-dimensional harmonic polylogarithms of maximum weight 4. 
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1 Introduction 



This paper is the second of a series that is devoted to the computation of the electro- 
magnetic and neutral current form factors of heavy quarks Q at the two-loop level in 
QCD [T. These form factors are relevant for a number of applications. For instance, 
they are part of the order QCD corrections to the differential electroproduction 
cross sections of heavy quarks e^e~ — 7*,Z* — > QQX and, in particular, part of 
the second order QCD corrections to the forward-backward asymmetry A^j^. As far 
as h quarks are concerned, an order a1 calculation with a non-zero h quark mass is of 
interest in view of the discrepancy between experimental measurement and theoret- 
ical expectations - see P] and the references given in ^ concerning the state of the 
theoretical predictions. A review of the present status of electroweak corrections to 
the forward-backward asymmetry is given in [3]. At a future linear collider, forward- 
backward asymmetries will play a prominent role in very precise measurements of 
the neutral current couplings of bottom and of top quarks . Clearly, predictions 
will be required taking the mass of the heavy quark fully into account. 

In j]P we presented closed analytic expressions to order a1 of the heavy-quark 
electromagnetic vertex form factors for arbitrary momentum transfer. Up to an 
overall coupling factor these are identical to the corresponding vector, i.e., parity- 
conserving form factors that appear in the amplitude of the decay of a virtual Z 
boson into a heavy quark-antiquark pair. In this paper, we compute the axial vec- 
tor form factors Gi and G21 excluding the anomalous triangle graph contributions. 
Fig. ^ (a) and (b), which contribute only through the mass splitting of a quark 
isospin doublet in the triangle loop. These terms deserve a separate discussion and 
will be given elsewhere [3]. 

The paper is organized as follows. In Section 2 we fix our conventions and 
describe how the form factors can be obtained from the vertex amplitude by appro- 
priate projections. In Section 3 the renormalization constants in the scheme that we 
use - which is the same as the one chosen in T!| - are collected for the convenience of 
the reader. Sections 4 and 5 contain, for spacelike momentum transfer, the unsub- 
tracted and renormalized axial vector form factors at one-loop and two-loop order, 
respectively, for the cases of the renormalization scale being both equal and different 
from the heavy quark mass. In Section 6 the form factors are analytically contin- 
ued above the QQ threshold, and we give there also their threshold and asymptotic 
expansions. We conclude in Section 7. 

2 The Axial Vector Form Factors 

We consider the amplitude V^^^^{pi,p2) for the decay of a virtual Z boson of four- 
momentum q = Pi + P2 into a massive quark-antiquark pair of momenta pi, p2 and 
colors Ci, C2. The quarks Q, Q are on their mass shell, p\ = p\ = m^-, where m 
denotes the pole mass of Q. The squared center-of-mass energy is S* = {pi +^2)^- 

A general decomposition of the vertex function V^{pi,p2) involves 6 form factors, 
two of which odd under a CP transformation. As we consider here, besides QCD 
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interactions, Standard Model (SM) neutral current interactions to lowest order, CP 
invariance holds. This implies that depends only on 4 form factors, and we use 
the decomposition 

Kic2(Pi.P2) = u,MV''^^,^{q)VcM, (1) 

+ aQGi(s)7'^75 + aQ^G2(s)75g^^ 5,,,,, (2) 

where s = S/m^, a^" = | [7^,7^^], 'Uci(pi), "^£2(^2) are Dirac spinors and vq, gq are 
the SM vector and axial vector couplings of the massive quark Q to the Z boson: 

where s^(c^) is the sine (cosine) of the weak mixing angle, the third component 
of the weak isospin and Qq is the charge of the heavy quark in units of the positron 
charge e > 0. 

The dimensionless form factors Fi, Gi can be obtained from V^^^^{pi,p2) by ap- 
propriate projections. We consider the spinor traces 

Pi = Tr[7^(^i + m)r^(g)(^2-m)], (4) 

V2 = Tr [t^ (^1 + m) r'^(g) (^2 - m)] , (5) 

Vs = Tr [7^75 (^1 + m) r'^(g) (^2 - m)] , (6) 

= Tr [75g^ (^1 + m) r'^(g) (^2 - m)] , (7) 

where t'^ = P2 ~Pi • Since we are working in D = 4 — 2e dimensions we calculate these 
traces in D dimensions as well. Inserting Eq. (j2)) into Eqs. (0]|7|) and performing the 
traces one obtains: 



F1 + F2 



i 2V2 + m{A~s)Vi 



Vq 4sm^(l — e)(4 — s] 
i [2 + (1 - e)s]V2 + m(4 - s)Vi 



(9) 



Vq sm^(l — e)(4 — s)^ ' 

ag 4:sm'^[l — e)(4 — s) 
^ ^ msV^ + (2(3 - 2e) - (1 - 6)3)^4 . . 

' ag s2m3(l-e)(4-s) " ^ ^ 

The trace of the unit matrix is kept equal to four also in D dimensions. In calculating 
the diagrams considered in this paper we use an anticommuting 75 in D dimensions. 
(This prescription is also used in the derivation of the formulae ()10|) . (Illj).) This 
prescription is appropriate as the diagrams below correspond to the order a| "non- 
singlet" contributions to the matrix element of the axial vector current, and it is well 
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(a) (b) 



Figure 1: Triangle diagram contributions to V. Crossed diagrams are not drawn. 
The external dashed line refers to an incoming Z boson, the curly lines to gluons, the 
double straight lines to the massive quark and the simple straight lines to massless 
quarks. 



known that for these contributions a canonical, i.e., non-anomalous Ward identity 
must hold to this order. Within dimensional regularisation this is most conveniently 
implemented with an anticommuting 75. In a subsequent paper j^j, the contributions 
involving closed triangle loops. Fig. 1, will be computed for a mass-split doublet 
of fermions in the triangle loop. In that context, the naive anticommuting 75 used 
here is problematic in D 7^ 4. However, it will be shown there that using a different 
75 prescription does not affect the non-anomalous contributions presented here. 

The formulae Eqs. (jSl fTT|) show that with the above projections the computation 
of the vector form factors Fi 2 and the axial vector (i.e., parity- violating) form factors 
G\^2 decouple from each other. The vector form factors in Eqs. ()8p9|l were computed 
in P]. Here we determine the form factors in Eqs. ()1()|1H1 to the second order in the 
strong coupling constant as-, excluding the contributions from the triangle diagrams 
shown in Fig. ^ Expanding the renormalized form factors to the second order in 
as-, we have: 

where the superscripts (1/) and (2/) denote the one- and two-loop contributions. 
The subscript "i?" labels the renormalization scheme specified in the next Section. 
After having performed the renormalization, the form factors still depend on the 
parameter e, which regularizes the remaining infrared divergencies. We keep as 
dimensionless also in Z) 7^ 4 dimensions. 
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The form factors are represented as series in e and expressed in terms of 1- 
dimensional harmonic polylogarithms H(a;x) up to weight 4 |Hlin|; which are func- 
tions of the dimensionless variable x defined by 

^/-S + Am? - yf^ y^^T4-v^ 

X — — ^— ^— = — — I J^z^ j 

^-S + 4m2 + ^/-s + A + ^' 

We give our results firstly in the kinematical region in which s is spacelike (0 < x < 
1), where the form factors are real. In Section El we shall perform the analytical 
continuation to the physical region above threshold, s>4, — l<a;<0, and 
explicitly decompose the form factors into real and imaginary parts. 

In what follows Nf denotes the number of light quarks (which we take to be 
massless) running in the loops Fig. HI (g), and Cp = {N^ — 1)1 {2Nc), Ca = Nc, 
Tr = 1/2, where N^. is the number of colors. 



3 Renormalization Scheme 

As in our previous paper P, we use renormalized perturbation theory with as = 
5^^/(4 tt) being defined as the standard MS coupling in QCD with Nf massless and 
one massive quark, while we define the mass m and the wave-function of the heavy 
quark Q in the on-shell (OS) scheme. 

For the renormalization procedure we need the coupling renormalization and the 
gluon wave function to one-loop: 

where 

C(e) = (47r)^r(l + e) (16) 

and, in the Feynman gauge, 

^?^-^-^Wg^(5^-5^«"^'-^')-<(lf)T 

The renormalization constants concerning the heavy quark are defined in the on-shell 
scheme. Here we need 

to one-loop order. Here and in the following /i denotes the mass scale of dimensional 
regularization/renormalization. The wave function is needed to two-loop order. 
The latter was computed in [TUJ [TT] . Using the result of [TT] and expressing it in 
terms of the renormalized MS coupling as we have 
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where is: 



'(2) 



-6C(3) 

2 \ 2e 

+3C(3) 



2e 



51 433 39 



16 e 



32 2 

' rii /3 

.12 



C(2) + 24C(2)ln(2) 



4 

+ - + 



ii_121 + lic(2)-^-12C(2).n(2) 



16 e 2 

,2 



32 
3 



4 

+ - + 



e2 e 



— + - + 2C(2) + ? 
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47 



1/3 4 

K + - + 



1 19 1139 



12 e 



72 



'C(2) 



(20) 



Further we need the renormahzation constant Z^p for the QQ gluon vertex to one 
loop. Using a Slavnov- Taylor identitiy and Eqs. ()15fl7pi9j) we get: 



zr 



27r 2e V 1 — 2e V 



(21) 



For the counterterm contributions to the renormalized form factors it is convenient 
to define (here our notation differs slightly from that in 

5lF = ^IF - 1, (22) 



^2 
^3 



^2°' - 1 = 

[z^z^^ 



(2/) 
2 5 



1) 



(23) 
(24) 
(25) 



where ^g^'^ ^g^'"* can be read off from Eq. (fTUI) . 

In this renormahzation scheme the renormalized vertex function F'^ to order o?g 
is given by the contributions from the 1-particle irreducible diagrams, Figs. |21 and 
m which we call the unsubtracted contributions, and the counterterms given below. 



4 One-loop Unsubtracted and UV- Renormalized 
Form Factors 

In this Section we give the results for G^^j], (j2R- First we write down the 




q -. 



Figure 2: One-loop QCD contribution to (q). 



contribution from the diagram Fig. |21 including the terms of order e. They are 
needed for computing the order a| counterterms shown in Figs. El (c), (d) and (f) 
of Section 15.21 below. We obtain: 



Gr'^(s,.,^)= (4) '(1 + + . 63) +0(a, (27) 

where C(e) is defined in Eq. (fT^ . 

The coefficients and bi {i = 1 . . .3) are: 

ai= (x2 + l)/[(x-l)(x+l)]i/(0;x) + l/2, (28) 
as = 1/2 (3 - 2 X + 3)/[{x - l)(a; + 1)] H{0; x) 

-2 (x^ + l)/[(x - l)(x + 1)] H{-1, 0; x) 

+ {x^ + l)/[{x - l)(x + 1)] H{0, 0; x) 

-C(2)(x^ + l)/[(a;-l)(x + l)], (29) 
as = 2 C(2) (x2 + l)/[(x - l)(x + 1)] H{-1; x) 

-{x^ + 1) (-4 + C(2))/[(x - l)(x + 1)] H{0; x) 
-{3x^ -2x + 3)/[{x - l)(x + 1)] H{-1, 0; x) 
+4 (x^ + l)/[(x - l)(x + 1)] H{-1, -1, 0; x) 
-2 (x^ + l)/[(x - l)(x + 1)] H{0, -1, 0; x) 
+1/2 (3x=^ - 2x + 3)/[(x - l)(x + 1)] H{0, 0;x) 
-2 (x^ + l)/[(x - l)(x + 1)] H{-1, 0, 0; x) 
+ (x2 + l)/[(x - l)(x + 1)] H{0, 0, 0; x) 
-1/2 (3C(2)x2 + 4C(3)x2-2C(2)x 

+3C(2) + 4C(3))/[(x-l)(x + l)], (30) 

respectively, 

bi= 0, (31) 
b2= 2(3x^-2x + 3)/[(x + l)(x-l)^]xiJ(0;x)-4/(x-l)2x, (32) 
63 = 4(^Sx^ -2x + 3)/[{x + l){x- l)^]xH{0;x) 

-4 (3 x^ - 2 X + 3)/[(x + l)(x - 1)^] X i/(-l, 0; x) 
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Figure 3: Subtraction term for the one-foop renormalization. 



+2 (3 - 2 a; + 3)/[(a; + 1) (x - 1)^] x H{0, 0; x) 

-2 (3 C(2) + 4 - 2 C(2) x - 4 + 3 C(2))/[(x + l)(x - 1)^] x. (33) 
The counterterm of Fig. El contributes to Gi. 

GT-^{s,e,^)=6i'^^ (34) 
From Eqs. ()27|) and we obtain the renormahzed one-loop form factors 

^'^^ ^' ^) = (^) ^ (7 «i + «2 + 6 as) + O (6^) , (35) 

{s, e, ^) = C{e) ^ Q 6, + 6, + e 63) + O (e^) , (36) 



with 



ai = ai - 3/2, (37) 
0.2= 02 - 2, (38) 
53= 03-4 (39) 



and hi = 6,- for i = 1 ... 3. 



5 Two-Loop Unsubtracted and Renormalized 
Form Factors 

5.1 Two-Loop Unsubtracted Form Factors 

First we compute the two-foop unsubtracted contributions represented by the dia- 
grams of Figs, m (a)-(i) and the "mirror" diagrams to Figs. 0] (a)-(c) to the form 
factors Gi, G2- 

Performing the 7 algebra we obtain, as explained in IT^ ITl] . the form fac- 
tors in Eqs. ()10lll|) expressed in terms of hundreds of different scalar integrals. 
These integrals are reduced to a small set of master integrals by means of the so- 
called Laporta algorithm jTHj with the help of integration-by-parts identities ^H] 
and Lorentz-invariance identities ^7]. Symmetry relations which one can establish 
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(a) (b) (c) 




(d) (e) (f) 




(g) (h) (i) 



Figure 4: Two-loop QCD contributions to V^^^{pi,p2). The inner dashed hne refers 
to ghosts. Straight hues represent massless quarks and the double straight line the 
massive quark (c.f. Fig. [T]). 
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between different integrals are also used during the reduction. The master integrals 
themselves were evaluated with the method of differential equations jTTl UHl UH 1201 
in 113 El- The master integrals, and thus the form factors are represented as series 
in the regularization parameter e and expressed in terms of 1-dimensional harmonic 
polylogarithms up to weight 4 [Slin|, which are functions of the dimensionless vari- 
able X defined in Eq. (jl4|) . As in the one- loop case we take s to be space-like. 
The two-loop unsubtracted form factors are found to be: 

\ / \2tt/ 

^ {Cf Tr Nf Cl + Cf Tr C2 + Cf Ca cs + Cl c,) 

+ ^ [Cf Tn Nf c, + Cf Tr cg + Cf Ca c, + Cl cg) 

Cf Tr Nf cg + Cf Tr cio + Cf Ca Cn + Cl Ci2 
+ 0{e)\, (40) 



^ {Cf Tr Nf d, + Cf Tr + Cf Ca d^ + C| ^4) 
+ ^ {Cf Tr Nf d, + Cf Tr d, + Cf Ca d-j + C| d^) 



+ CFTRNfdQ + CFTRdio + CFCAdu + C^ d 
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+ 0{e)^, (41) 

where C(e) is defined in Eq. (fT^ and Nf, Cf, Ca, and Tr are given at the end of 
Section 2. One finds for the Cj {i = 1 . . . 12): 

_ 1 _ 4 

= -l/3(x=^ + l)/[(x-l)(x+l)]i/(0;x)-l/6, (42) 
C4 = 1/2 (x^ + 20 + 14 + 20 a; + l)/[{x + l)\x - 1)] H{0; x) 
+ {x^ + iy/[{x - iy{x + If] H{0, 0; x) 

+l/8(25x^ + 2x + 25)/(x + l)2, (43) 
C5 = -2/9 (7a;^ - 3 a; + 7)/[{x - l){x + 1)] H{0; x) 
+4/3 {x^ + l)/[{x -l){x + 1)] H{-1, 0; x) 
-2/3 (x^ + l)/[(x - l)(x + 1)] H{0, 0; x) 

+l/36(-13x=' + 24C(2)x2 + 13 + 24C(2))/[(a;- l)(x + 1)], (44) 
Cg = -l/3(3a;2-2a; + 3)/[(a;- l)(x+ l)]if(0;x) 
+4/3 {x^ + l)/[(x - l)(x + 1)] H{-1, 0; x) 
-2/3 {x^ + l)/[{x - l)(x + 1)] iy(0, 0; x) 
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+1/12 (-3 + 8 C(2) a:' + 3 + 8 ({2))/[{x - l){x + 1)], (45) 
C7 = -1/18 (27 C(2) X* -83x^ + 33 x^ + 18 ((2) - 33 x - 9 C(2) + 83) 
/[{x + l)\x-lf]H{0;x) 
-14/3 (x^ + l)/[{x -l){x + 1)] iJ(-l, 0; x) 
+ {x^ + lf/[{x + l)\x - If] H{0, -1,0; x) 
+ 1/6 (23a;=^ + ll)/[(a; - l){x + 1)] H{0, 0; x) 
-2 (a:^ + 1)/[(,T + lf{x - If] x^ H{0, 0, 0; x) 
+ {x^ + l)/[{x -l){x + 1)] i/(l, 0; x) 

-{x^ + 1)V[(^ + - 1)^] ^(0, 1, 0; x) 

-1/144 (48 C(2) x^ - 185 + 72 C(3) x'^ + 370 

+288 C(2) x"^ + 144 C(3) x'^ - 185 - 336 ((2) + 72 C(3)) 
/[{x + l)\x-in (46) 
Cg = -1/4 (4 C(2) - 3 + 4 C(2) - 49 + 18 
+8 C(2) + 8 C(2) x'^ - 18 + 4 C(2) x 
+49x + 3 + 4 C(2))/[(a; + lf{x - if] H{0; x) 
-(x^ + 20 + 14 + 20 X + 1) /[{x + lf{x - 1)] H{-1, 0; x) 
-2 (x' + 1) V[(a; + ifix - If] H{0, -1, 0; x) 
+1/2 (7x^ + 21x^ + 2x^ + Ux^ -17x + 5) 

/[{x + lf{x-lf] H{0,0;x) 
-4 (x' + lf/[{x - lf{x + 1)'] H{-1, 0, 0; x) 
+3 {x^ + l)7[(x - lf{x + 1)2] //(O, 0, 0; x) 
-1/16 (35 + 8 C(2) + 6 + 160 C(2) + 112 C(2) x'^-6x 

+160 C(2) X - 35 + 8 C(2))/[(x + l)^(x - 1)], (47) 
C9 = -8/3 C(2) {x^ + l)/[(x -l){x + 1)] //(-I; x) 

-1/54 (353^2 - 78x + 353)/[(a; - l){x + 1)] H{0;x) 
+8/9 (7x2 _ 3^, + 7)/[(2, _ 1)^2, + 1)] 0;x) 

-16/3 (x^ + l)/[(x - l)(x + 1)] H{-1, -1, 0; x) 

+8/3 (x^ + l)/[(x - l)(x + 1)] H{0, -1, 0; x) 

-4/9 (7x2 _ 3 + ^y^(^^ _ + i)] ^(^g, 0;x) 

+8/3 (x2 + l)/[(x - 1)(,T + 1)] H{-1, 0, 0; x) 

-4/3 (x2 + l)/[(x - l)(x + 1)] H{0, 0, 0; x) 

+1/216 (-169 x2 + 576 C(3) x^ + 528 C(2) x^ - 288 C(2) x 

+576 C(3) + 169 + 816 C(2))/[(x - l)(x + 1)], (48) 
Cio = -4/3 C(2) (x2 + l)/[(x - l)(x + 1)] H{-1; x) 

-1/54 (409 x^ + 80 x^ + 302 x^ - 216 ((2) x^ + 80 x + 409) 

/[(x-l)(x+l)3]iJ(0;x) 
+2/3 (3x2 - 2x + ^y^(^^ -l){x + 1)] H{-1, 0;x) 
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-8/3 (x^ + 1)/[(,T - + 1)] H{-1, -1,0; x) 
+4/3 {x^ + l)/[{x ~l){x + 1)] H{0, -1, 0; x) 
+2/9 (5 - 27 x^ + 5 x^ - 23 + 6 X - 14) 

/[(x+l)^(x-l)]/J(0,0;x) 
+4/3 {x^ + l)/[(x - l)(x + 1)] H{-1, 0, 0; x) 
-4/3 (x^ - X + 1) (x^ + 3 X + l)/[(x - l)(x + 1)^] H{0, 0, 0; x) 
+1/216 (288 C(3) x^ + 223 x^ + 1728 C(2) x^ - 291 x^ - 2304 C(2) 
+864 C(3) x^ + 1152 C(3) x^ + 1872 C(2) x^ - 514 x^ 
+ 1152 C(3) x^ + 514 x^ - 1008 C(2) x^ + 291 a; + 864 C(3) x 
+3312 C(2) X - 1296 C(2) + 288 C(3) - 223) 
/[(x + l)^(x-l)], 
1/3 (C(2) x^ + 6 C(3) x^ + 81 C(2) x^ + 12 C(3) x^ - 108 C(2) x^ 

+81 C(2) X + 6 C(3) - 37 C(2))/[(x + lf{x - if] H{-1; x) 
+C(2) (7x^ + 6x^ - 29x^ + 24 x^ -31 x^ + 6x + 5) 

/[(x + l)3(x-l)3]i/(0,-l;x) 
+1 /216 (648 C(2) x^ + 4129 x^ - 1620 C(3) a;^ + 3024 C(3) x^ 
-12528 C(2) x^ - 570 x^ - 4129 x^ + 18792 C(2) x^ 
-13716 C(3) x^ + 25920 C(3) x=^ - 12744 C(2) x^ + 1140 x^ 
-13500 C(3) x^ + 3456 C(2) x^ - 4129 x^ - 2808 C(2) x 
-570 X + 3024 C(3) x - 1404 C(3) + 4129) 
/[(x+mx-inH(0;x) 
-1/18 (161 x^ - 276 x^ - 72 C(2) x^ + 276 x - 161 - 72 C(2)) 

/[(x-l)2(x + l)2]//(-l,0;x) 
-10 (x' + l)V[(x - l)\x + 1)2] //(O, -1, -1, 0; x) 
-1/3 (79x^ + 6x^-66x2 + 6x- 13) 
/[(x-l)2(x + l)2]i/(0,-l,0;x) 
-4 (x^ + 1) V[(x - lf{x + 1)2] H{-1, 0, -1, 0; x) 
+2 (11 x^ + 5 x^ - 15 x^ + 26 x^ - 27 x^ + 5 X - 1) 

/[(x + l)3(x-l)3]i/(0,0,-l,0;x) 
+4 (x^ + lf/[{x - l)2(x + 1)2] iJ(l, 0, -1, 0; x) 
-6 (x2 + l)/[(x - l)(x + 1)] H{1, -1, 0; x) 
+6 (x2 + l)2/[(x - l)2(x + 1)2] H{0, 1, -1, 0; x) 
+1/18 (18 C(2) x^ - 59 x^ - 72 C(2) x^ - 174 x^ + 176 x^ 
+306 C(2) x^ - 252 C(2) x^ + 240 x^ + 270 C(2) x2 
-283 x2 - 72 C(2) X - 66 X + 166 - 18 C(2)) 
/[(x + l)3(x- l)'^]i/(0,0;x) 
-1/3 (64 x^ - 141 x^ + 228 x2 - 141 x - 28) 
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/[{x-lf{x + lf]H{-l,0,0;x) 

+2(7a;^- 7a;^ + 33a;^ -56x3 + 25x2 _ j ^ _ 
/[{x + lf{x - if] H{0, -1, 0, 0; x) 

+1/3 (50 x'' - 201 x^ + 244 - 177 x^ + 13a;2 - 12 a; + 11) 
/[(x+ l)='(x- l)=^]i7(0,0,0;x) 

+74/3 (x^ + l)/[(x - l)(x + 1)] H{-1, -1, 0; x) 

+2 (x^ + 3) (x^ + l)/[(x - lf{x + If] H{-1, 0, 0, 0; x) 

+2 (x^ - 5 x^ + 18 x^ - 26 x^ + X - 5) 
/[(x- l)2(x + 1)3] if(l, 0,0,0; x) 

-2 (2x^ + 5x3- 14 a;2 + 5 a; + 6)/[(a;- l)2(a; + 1)2] if (1,0,0; x) 

-(12x^-x^ + 10a;3-28x2-2x-l) 
/[{x + l)3(a; - If] X H{0, 0, 0, 0; x) 

-2 (x^ - + 21x^ - 34x3 + 17x2 - 5x - 3) 
/[(x + l)3(x-l)3]i7(0,l,0,0;x) 

+(-3 x^ + 4 C(2) x^ - x^ - 8 C(2) x^ + 40 C(2) x^ + 2 x^ 
-48 C(2) x^ - 2 x^ + X + 4 C(2) x + 3 - 8 C(2)) 
/[(x-l)2(x + l)3]/f(l,0;x) 

-6 (x^ + l)/[(x - l)(x + 1)1 H{-1, 1, 0; x) 

+6 (x' + l)V[(x - lf{x + If] H{0, -1, 1, 0; x) 

+4 (x' + l)V[(x - lf{x + If] H{-1, 0, 1, 0; x) 

-2 (7x^ + 7x^ + 12 x3 + 4x2 + X + 1) 
/[(x-l)2(x + l)3] //(0,0,l,0;x) 

-4 (x^ + l)7[(x - lf{x + If] H{1, 0, 1, 0; x) 

+2 (x' + l)/[(x - l)(x + 1)] H{1, 1, 0; x) 

-2 (x^ + l)7[(x - lf{x + If] H{0, 1, 1, 0; x) 

+8 (x^ + l)/[(x - l)(x + lf]xH{0, 1, 0;x) 

-(x2 + l)(C(2)x2 + 2C(3)x2-C(2) 

+2C(3))/[(x-l)2(x + l)2]iJ(l;x) 

+C(2) (x2 + l)V[(x-l)2(x + l)2]iJ(0,l;x) 

-1/4320 (85920 C(2) x^ - 77760 C(2) ln(2) x^ + 25200 C(3) x^ 

-12925 x^ + 15336 ((2)^ x^ + 155520 C(2) ln(2) x^ + 28512 ((2)^ x^ 

+ 181440 C(3) x^ - 279360 C(2) x^ + 38775 x* - 99576 ((2)^ x^ 

-344880 C(3) x^ + 230160 C(2) x^ - 77760 C(2) ln(2) x^ 

+83520 C(2) x3 + 109728 C(2)2 x^ + 268560 C(3) x^ - 38775 x^ 

-294720 C(2)x2 + 77760 C(2) ln(2) x^ - 115560 ((2)^x2 

+28512C(2)2x- 181440 C(3)x+ 195840 C(2)x 

-155520 C(2) ln(2) x - 648 ((2)^ + 77760 C(2) ln(2) + 12925 
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-21360 C(2) + 51120 ({3))/[{x + lf{x - 1)^], 
(13 X'' - 23 + 12 + 24 - 61 x 
+ ll)C(2)/[(,x+lf(x-l)2]i/(-l;,x) 
-2 (7 x^ + 10 x^ - 65 + 104 - 75 x^ 
+ 10 X - 3)/[{x + lf{x - if] H{0, -1, 0, 0; x) 
- 1/2 (17 X® - 58 x^ - 213 x'^ + 224 x^ - 37 x^ 
-46 X + 17)/[(x + lf{x - If] H{0, 0, 0; x) 
-12 (a;2 + lf/[{x - lf{x + if] H{-1, 0, 0, 0; x) 
+ {27 x^' - 2 x'^ + 27,T^ - 56 x^ - 7a;^ - 2 a; 
-7)/[(x + l)'^(x - 1)'^] H{0, 0, 0, 0; x) 
+8 (a;^-2a;^ + 18a;^-14a;^ + 4x 
+l)/[(a;+lf(a;-l)2]i7(l,0,0,0;a;) 
-2C(2) (5x^ + 6a;^ -31x^ + 24 -29^2 
+6x+ 7)/[{x + lf{x - If] H{0, -1; x) 

+2 (8 - 19 + 46 - 19 X + 8)/[(a; - lf{x + if] H{1, 0, 0; x) 
-4 (x^ -x^ + Ux"^- 20x^ + Ux^-x 
+l)/[(x + lfix-lf] HiO,l,OAx) 

+4 (4 x^ + C(2) - 5 C(2) + 2 + 34 C(2) x^-2x^ + 2x'^ 
-30 C(2) x^ + 7 C(2) X-2X-A + C(2)) 
/[(^ + 1)3(^_1)2] H{l,0;x) 

-2 (5 - 10 + 18 - 10 X + 5) /[{x - lf{x + If] H{0, 1,0; x) 

+4 {3x^ + 3x^ + 6x^ -2x'^ -X 

-l)/[(x + lf{x-lf] H{0,0,l,0;x) 

+4 C(3) {x' + lf/[{x - lf{x + If] Hil; x) 

+1 /160 (1915 x^ + 4640 C(2) x^ + 2896 C(2)^ x^ - 640 C(3) x^ 
-5760 C(2) ln(2) x^ + 11520 C(2) ln(2) x^ - 7680 C(3) x^ 
-3520 C(2) x^ - 1152 ((2)^ x^ - 3840 x^ + 1935 + 9584 ((2)^ x^ 
-8160 C(2) x^ + 25280 C(3) x^ - 5760 C(2) ln(2) x^ 
-21248 C{2f x^ - 1920 C(3) x^ - 5760 C(2) r'^ - 17280 C(3) x'^ 
+5760 C(2) ln(2) x^ + 13920 C(2) x^ + 7632 C(2)^ x^ - 1935 a;^ 
-1152C(2)2a; + 1920C(3)a; + 4160C(2)a;- 11520 C(2) \n{2)x 
+3840 a; + 5760 C(2) ln(2) - 1915 - 5280 ((2) + 320 ((3) 
+944C(2)')/[(,T + l)=^(a;-l)3] 

+4 {x^ + lf/[{x - lf{x + 1)=^] H{0, -1, -1, 0; x) 

+8 {x^ + l)V[(a; - l)'(x + 1)^] H{-1, 0, -1, 0; x) 

-8 (a;2 + if/lix - l)=^(a; + 1)^] H{1, 0, -1, 0; x) 

+8 {x^ + l)V[(a; - lf{x + 1)'] i/(l, 0, 1, 0; x) 
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+ (13 - 59 + 72 x^ + 60 - 21 a; 

+ 15)/[(a; + lf{x - If] H{0, -1, 0; x) 

-2 (11 x^-2x^ + 33x^- 56 a;^ + 23 x'^ 

-2x + l)/[{x + lf{x - If] H{0, 0, -1, 0; x) 

-1/8 (148 C(2) x^ - 64 C(3) x^ -19x^- 160 C(3) x^ - 224 C(2) 

-326 + 1056 C(3) x^ - 676 C(2) x^ + 275 - 1536 C(3) x^ 

+992 C(2) x^ + 275 a;^ - 724 C(2) x"^ + 1056 C(3) x^ - 160 C(3) x 

+ 140 - 326 a: + 96 C(2) a; - 19 + 4 C(2) 

-64C(3))/[(a; + 1)-^(,T - 1)3] i/(0; a;) 

+4 (-9 X'' + C(2) a;-"^ - 4 + C(2) x^ + 2 C(2) x^ + 13 x^ - 13 x'^ 
+2 C(2) x^' + 4 X + C(2) X + 9 + C{2))/[{x + lf{x - if] H{-1, 0; x) 
+1 /2 (26 C(2) x^ + 123 x^ - 8 C(2) x^ - 112 x^ - 33 x^ + 62 C(2) x^ 
+120 x=^ - 160 C(2) x^ + 42 C(2) x^ - 135 x^ - 8 C(2) x + 56 x - 19 
+6C(2))/[(x+l)'-^(x-lf]if(0,0;x) 
+2 (x^ + 20 x^ + 14 x^ + 20 X + 1) 

/[(x+lf(x-l)]//(-l,-l,0;x) 
-(9x^ - 3x^ + 116x3 + 128x^ - 41x 
+7)/[(x + l)3(x-l)2]//(-l,0,0;x) 

+16 (x' + l)V[(x - l)'(x + 1)'] H{-1, -1, 0, 0; x). (51) 

The di {i = 1 . . . 12) are: 

^2 = ^3 = 0, (52) 
d4 = -6 (x^ + l)/[(x + lf{x - 1)] X //(O; x) 

+6/(x + l)2x, (53) 

4 

4= 4 = ^YT^^^" -4/3(3x^-2x + 3)/[(x+l)(x-l)3]x/i'(0;x) 

+8/3/(x- l)2x, (54) 
4 = -(9 x^ - 60 x^ + 22 x^ - 60 X + 9)/[(x + l)3(x - 1)^] x H{0; x) 
+12(x2 + 1)/[(,T+ 1)3(,T- l)]xi/(-l,0;x) 
+2 (x^ + 1) (3 x^ + 11 x^ - 7x + 9)/[(x + l)3(x - lf]xH{0, 0; x) 
+2 (-3 x^ + 3 C(2) x^ - 25 x^ - 3 C(2) x^ 

+3 C(2) X - 25 X - 3 - 3 C(2))/[(x + l)3(x - 1)^] x, (55) 
dg = -2/9 (87 x^ - 50 X + 87) /[(x + 1) (x - 1)^] x H{0; x) 
+16/3 (3x^ - 2x + 3)/[(x + l)(x - 1)^] x H{-1, 0; x) 
-8/3 (3 x^ - 2 X + 3) /[(x + 1) (x - 1)^] x H{0, 0; x) 
+4/9 (31 x^ + 18 C(2) x^ - 12 C(2) x 

-31 + 18C(2))/[(x+ l)(x - 1)3] X, (56) 
dio = -2 /9 (87 x^ - 128 x3 - 46 x^ - 72 C(2) x^ 
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-128 a; + 87)/[(x + lf{x - if] x H{0; x) 

+8/3 {3x^ -2x + 3)/[{x+l){x-lf]xH{-l,0;x) 

-8/3 (12 - 3 + 9 - 5 a; + 3)/[(a; + l)^(x - 1)^] x H{Q, 0; x) 

+16/[{x + lf{x - If] x^ H{0, 0, 0; x) 

+8/9 (2 x^ + 27 C(2) x^ - 18 - 57 C(2) x^ - 20 a;^ + 63 C(2) x^ 
+20 x'^ - 45 C(2) a;2 + 18 a; + 78 C(2) a; - 2 
-18C(2))/[(x+ir(x-lf]a;, 

-18C(2) (a;2 + 1) (a;^ - 4a; + l)/[(a; + lf{x - lf]xH{-l;x) 

+24 C(2) (a;2 + 1) (a;^ - 5 x + l)/[(x + l)-'^(,a; - 1)^] x^ H{0, -1; x) 

+ 1/18 (1083 x^ + 324 C(2) x^ - 238 x^ + 1008 C(3) x^ - 3384 C(2) x^ 

+3960 C(2) x^ - 1083 x^ - 4752 ((3) x^ + 476 x^ + 9216 C(3) x^ 

-7056 C(2) x^ + 1620 C(2) x^ - 1083 x^ - 4752 C(3) x^ - 238 x 

+1008 C(3) X - 648 C(2) x + 1083)/[(x + lf{x - 1)^] x if(0; x) 

-4/3 (18 x^ - 55 X + 18)/[(x + 1) (x - 1)^] x H{-1, 0; x) 

-48 (x^ - X + l)/[(x + lf{x - If] x^ H{0, -1, 0; x) 

+8 (5 x^ - 14 x^ + 30 x^ - 14 X 

+5)/[(x + l)='(x - 1)'] x' H{0, 0, -1, 0; x) 

-2/3 (3 x^ + 24 C(2) x^ + 103 x^ - 126 C(2) x^ - 27 x^ - 98 x^ 

+24 C(2) x^ + 57 x^ - 126 C(2) x^ + 24 C(2) x 

-5 X - 33)/[(x + l)^(x - 1)^] X H{0, 0; x) 

-2(9x^-92x^ + 130x2-92x 

+9)/[(x + l)'(x - lf]xH{-l, 0, 0; x) 

-8(7x^ - 29x^ + 62 x^ -29x 

+7)/[(x + l)^(x - If] x^ H{0, -1, 0, 0; x) 

+2 (9 x^ - 112 x^ + 146 x^ - 196 x 

+9)/[(x + l)^(x - 1)^] x^ H{0, 0, 0; x) 

+4 (x^ - 5 x^ + 38 x^ - 5 X + 1) 

/[(x + lf{x - if] x^ H{0, 0, 0, 0; x) 

-16 (3x2 - 8X + ^y^(^^ ^ ^^3(^^ _ ^^3^ ^2 ^^^^ Q. 

-24 (3 x^ - 2 ,T + 3)/[(x + lf{x - if] x^ H{1, 0, 0; x) 

+8 (5x^- 14x^ + 42x2 - 14x 

+5)/[(x + lf{x - If] x^ H{0, 1, 0, 0; x) 

-4 (x^ + 12 C(2) -2x^-32 C(2) x^ + 12 ((2) x 

+l)/[(x + l)^(x - lf]xH{l,0;x) 

-16/[(x + lf{x - If] x^ H{0, 1, 0; x) 

-32/[(x + lf{x - if] x^ H{0, 0, 1, 0; x) 

+2/45 (270 C(3) x^ - 945 C(2) x^ - 935 x^ + 540 C(2) ln(2) x^ 
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-3690 C(3) X'' - 594 ((2)^ - 2160 C(2) ln(2) x^ + 5415 C(2) x^ 

+2805 x^ + 2439 C(2)^ x^ + 2700 C(2) ln(2) x"^ + 5490 C(3) x^ 

-3465 C(2) x^ - 2010 C(2) x^ - 1584 C(2)^ x^ - 2700 C(2) ln(2) 

+2439 C(2)2 - 2805 x^ - 5490 C(3) + 4185 C(2) x^ 

-594 C(2)^ X + 3690 C(3) x - 3405 C(2) x + 2160 C(2) ln(2) x + 935 

-540 C(2) ln(2) + 225 C(2) - 270 C(3))/[(x + lf{x - if] x, 

24 (x^ + 1) (x=^ - 3 x^ - 6 X + 2) C(2)/[(x + l)-'^(x - 1)^] x /7(-l; x) 

-48 C(2) (x=^ + 1) (x^ - 5 X + l)/[(x + l)''^(x - 1)^] x^ i/(0, -1; x) 

-1/2 (84C(2) x^ + 45x6 - 310 x^ - 32C(3)x^ - 168C(2)x^ 

+467 x^- 1116 C(2) x'^ + 1056C(3) x^ - 1664 C(3) x''^- 404x'^ 

+544 C(2) x^ + 467 x^ - 564 C(2) x^ + 1056 C(3) x^ + 104 C(2) x 

-32C(3)x- 310x + 45 - 36C(2))/[(x+ l)^(x- l)5]xi/(0;x) 

-4 (13x^ + 46x + 13)/[(x + lf{x - 1)] xif(-l, 0; x) 

-24 (x2 + l)/[(x+ l)^(x- l)]xi/(-l,-l,0;a;) 

+4(9x^-29x^ + 114x^ + 90x2-llx 

+3)/[(x + l)='(x - 1)^] X H{0, -1, 0; x) 

-16 (x^ + 19 x^ - 28 x^ + 19 X 

+l)/[(x + l)=^(x - 1)^] x' H{0, 0, -1, 0; x) 

+2 (63 x^ - 78 x^ + 48 C(2) x^ + 13 x^ - 216 C(2) + 188 x=^ 

+48 C(2) x^ - 215 x^ + 50 X - 21) /[(x + l)^(x - 1)^] x H(0, 0; x) 

-8(6x^ + 4x^ + 85x^ + 97x2 -5x 

+9)/[(x + l)='(x - 1)^] X H{-1, 0, 0; x) 

-16(x^-37x^ + 54x2-37x 

+l)/[(x + l)=^(x - 1)^] x" H{0, -1, 0, 0; x) 

-2 (3x^ - 40x^ - 329x^ + 88x^ - 7x^ - 24x 

+21)/[(x + l)^(x- l)^]xi/(0,0,0;x) 

-8 (x^ - 5 x^ + 38 x^ - 5 X + 1) 

/[(x + lf{x - if] x^ H{0, 0, 0, 0; x) 
-32 (x^ - 17x + l)/[(x + lf{x - If] x^ H{1, 0, 0, 0; x) 
+8 (3x^ - 7x^ + 64x2 - 7x + ^ -^y^^^ _ i)4| ^^(i^ q, 0;x) 

-16 (x^ + 19x2-16x2 + 19x 
+l)/[(x + lf{x - If] x" H{0, 1, 0, 0; x) 
+32 (x^ - C(2) x:^ + + 17C(2) x^ - C(2) x 
+X + l)/[(x + l)-'^(x- l)^]xif(l,0;x) 

-8 (3 x^ - 6 x^ + 14 x^ - 6 X + 3)/[(x + lf{x - if] x H{0, 1, 0; x) 

+64/[(x + l)^(x - if] x^ H{0, 0, 1, 0; x) 

-1/5 (75 x^ + 240 C(2) ln(2) x^ - 230 C(2) x^ - 120 C(3) x^ 
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(g) 



Figure 5: Subtraction terms for the two-loop renormalization. Note that the dia- 
grams (a)-(b) and (c)-(d) yield the same contribution, respectively. 

+560 C(3) - 960 C(2) ln(2) + 320 a;^ + 8 C(2)^ x^ 
+340 C(2) x^ - 865 x^ - 3760 C(3) x^ + 1200 C(2) ln(2) x^ 
-1160 C(2)^ + 790 C(2) x^ + 480 C(3) x^ + 1400 C(2) x^ 
+3240 C(2)2 x^ - 1200 C(2) ln(2) + 2920 C(3) + 865 
-1160 C(2)^ x^ - 2330 C(2) x^ - 140 C(2) x - 320 x + 8 C(2)^ x 
-80 C(3) X + 960 C(2) ln(2) x - 75 + 170 C(2) 

-240C(2) ln(2))/[(x + lf{x - 1)^] x, (59) 
with ({n) being Riemann's ^-function. 

5.2 Contributions from the Counterterms 

The terms in Fig. El (a)-(f ) are defined as one- loop vertex amplitudes in D dimen- 
sions including the corresponding one-loop renormalization insertions. They read 
explicitly: 
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Figs. El (a) andEl(b): 





27r 



Ml 



(60) 



with 



and 



7^(^ + ^1 +m) (^5, 



(10 

2 



f ^l) - 5„}j 

h + m) 7p 



i)\ + m) 



(61) 



2\ « 



C(e) VAtV (27r)^-2' 
The contributions from these two diagrams to the axial vector form factors are: 



(62) 



(a,b) 



1 

l2 



1 

+ - 

e 



2 \ 2e 



3/2 {x - 1) (x^ + X + l)/(x + 1)3 i/(0; x) 

-3/4 (x-l)V(a; + l)^ 

1/4 (17 x^ + 4 + 6 + 4 X + 17) 
/[(x-l)(x + l)3]iJ(0;x) 



-3 (x - 1) (x^ + X + l)/(x + if H{-1, 0; x) 
+3/2 (x - 1) (x^ + X + l)/(x + if H{0, 0; x) 

-1/2 (x^ + X + 1) (3 C(2) X - 4 X - 3 C(2) - 4)/(x + 1)' 

+3 (x - 1) (x' + X + 1) C{2)/{x + if H{~1; x) 
-1/2 (-26 x^ + 3 C(2) x^ - 6 x^ - 3 C(2) x^ + 8 x^ - 3 C(2) x 
-6x + 3C(2) - 26)/[(x - l)(x + If] H{0;x) 
-1/2(17x^ + 4x3 + 6x2 + 4x + 17) 

/[(x-l)(x + l)3]/7(-l,0;x) 
+6 (x - 1) (x^ + X + l)/(x + if H{-1, -1, 0; x) 
-3 (x - 1) (x=^ + X + l)/(x + If H{0, -1, 0; x) 
+1/4(17x^ + 4x^ + 6x2 + 4x + 17) 

/[(x- l)(x + l)3]if(0,0;x) 
-3 (x - 1) (x^ + X + l)/(x + If H{-1, 0, 0; x) 
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G 



{a,b) 



+3/2 {x -l){x^ + x + l)/{x + 1)^ i/(0, 0, 0; a;) 
-l/4(17C(2)x^+ 12C(3)x^+ 16x^ - IGx^ - 12C(3)x3 

+4C(2)a;^ + 6C(2)a;^ + 4C(2)x+ IGx- 12C(3)x+ 17C(2) 



+ 12C(3)-16)/[(x-l)(x + l)^] 



(63) 



e 
1 

+ - 

e 



2 7r/ 
1 
'2 



2e 



3 (x^ + l)/[(x - l)(x + 1)^] xi7(0; x) - 3/(x + 1)^ x 

(13 + 6 X + 13)/[(x - 1) (x + 1)^] X H{0; x) 

-6 (x^ + l)/[(x - l)(x + 1)^] X if(-l, 0; x) 
+3 (x^ + l)/[(x - l)(x + l)3]xiy(0,0;x) 

-(3 C(2) x^ + 4 x^ - 4 + 3 C(2))/[(x - l)(x + 1)^] x 

+6 (x' + 1) C(2)/[(x - l)(x + 1)=^] X i7(-l; x) 

-(-41 x^ + 3 C(2) x"^ + 20 x^ - 6 C(2) x^ + 6 C(2) x^ - 6 x=^ 

-6 C(2) X + 20 X - 41 + 3 C(2))/[(x - l)^(x + 1)^] x H{0; x) 

-2(13x2 + 6x+ 13)/[(x- l)(x + l)^]xi/(-l,0;x) 

+ 12 (x^ + l)/[(x - l)(x + 1)^] X H{-1, -1, 0; x) 

-6 (x^ + l)/[(x - l)(x + l)^]xif(0,-l,0;x) 

+ (13 x^ + 6 X + 13)/[(x - l)(x + 1)^] X H{0, 0; x) 

-6 (x^ + l)/[(x - l)(x + 1)^] xif(-l, 0, 0; x) 

+3 (x^ + l)/[(x - l)(x + lf]xH{0, 0, 0; x) 

-(13 C(2) x^ + 6 C(3) x^ + 14 x^ - 7 C(2) x^ - 6 C(3) x^ 

+10 x^ + 6 C(3) X + 7 C(2) X + 10 X - 13 C(2) + 14-6 C(3)) 

/[(x + l)=^(x-l)']x 



(64) 



Figs.El(c) andEl(d): 





def. 



(5iF X — 




5iFX^CpC(e)(^ 
X / S)^fc. 



2 \ 



[(pi + k) — m^] [(p2 ~ k) — w?~\ ' 



with 



(65) 



(66) 
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These diagrams yield 



(|.)=O.C.C^(e)(^)'{ 

- 1/2 {x^ + l)/[{x -l){x + 1)] i/(0; x) - 1/4 

- 1/4 (3x2 - 2x + 3yj(^^ _ -^^^^ ^ -^^1 ^(0;x) 
+ {x^ + l)/[{x -l)ix + 1)] H{-1, 0; x) 



1 
1 

+- 
e 



-1/2 (x' + l)/[{x -l){x + 1)] //(O, 0; x) 

+1/2 C(2) (x2 + l)/[(:r-l)(x + l)]" 

-C(2) (a;2 + l)/[(x-l)(x+l)]ff(-l;x) 

+1/2 (a;2 + 1) (C(2) - 4)/[{x -l){x+ 1)] H{0; x) 

+1/2 (3x2 - 2a; + g^j^^^^^ - l)(a; + 1)] H{-1, 0; x) 

-2 (^2 + l)/[(a; - l)(x + 1)] H{-1, -1, 0; x) 

+(x^ + l)/[(a; - l)(x + 1)] H{0, -1, 0; x) 

-1/4 (3x2 - 2x + ^y^(^^ - l)(a; + 1)] H{0, 0; x) 

+(x2 + l)/[(x - l)(x + 1)] H{-1, 0, 0; x) 

-1/2 (x2 + l)/[(x - l)(x + 1)] H{0, 0, 0; x) 

+1/4 (3 C(2) x2 + 4 C(3) x2 - 2 C(2) x + 4 C(3) + 3 C(2)) 

/[(x-l)(x + l)]} 

- ^^^^ (ff { 

3/2 (x2 + l)/[(x - l)(x + 1)] //(O; x) - 3/4 



1 



1 

+- 
e 



- 1/4 (17x2 - 6x + 17)/[(x - l)(x + 1)] H{Q] x) 

+3 (x2 + l)/[(x - l)(x + 1)] //(-I, 0; x) 
-3/2 (x2 + l)/[(x - l)(x + 1)] //(O, 0; x) 

+1/2 (-2 x2 + 3 C(2) x2 + 2 + 3 C(2))/[(x - l)(x + 1)]] 

-3C(2) (x2 + l)/[(x - l)(x + 1)] H{~1- x) 
+ 1/2 (3 C(2) x2 - 26 x2 + 4 X + 3 C(2) - 26) 

/[(x-l)(x + l)]i/(0;x) 
+1/2 (17x2 - 6x + 17)/[(x - l)(x + 1)] H{-1, 0; x) 
-6 (x2 + l)/[(x - l)(x + 1)] H{-1, -1, 0; x) 
+3 (x2 + l)/[(x - l)(x + 1)] //(O, -1, 0; x) 
-1/4 (17x2 - 6x + 17)/[(x - l)(x + 1)] //(O, 0; x) 
+3 (x2 + l)/[(x - l)(x + 1)] H{-1, 0, 0; x) 
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Fig. El 




with 



-3/2 (x^ + - + 1)] iJ(0, 0, 0; x) 

+ 1/4 (17 C(2) - 8 + 12 C(3) x^ - 6 C(2) x + 8 

+ 17C(2) + 12C(3))/[(x-l)(x + l)]|, 

- (3x2 -2x + 3)/[(x+ l)(x- i)3]^/7(0;x) 



+2/(x- l)2x 

-2(3x2-2x + 3)/[(x+ l)(x- l)^]xi/(0;x) 
+2 (3 x^ - 2 X + 3)/[(x + l)(x - 1)^] X H{-1, 0: 
-(3 x^ - 2 X + 3)/[(x + l)(x - 1)^] X i7(0, 0: 
+ (3 C(2) x^ + 4x2 - 2 C(2) X + 3 C(2) - 4) 

/[(x + l)(x-l)=^]x 

2 \ 2e 



X 



X 



+ 



2'k) 
1 



3(3x2-2x + 3)/[(x+ l)(x- l)3]xi/(0;x) 



+6/(x- l)2x 

-10 (3 x^ - 2 X + 3)/[(x + l)(x - If] X H{0; 
+6(3x2-2x + 3)/[(x+ l)(x- l)^]xif(-l,0;x) 
-3 (3x2-2x + 3)/[(x+ l)(x- l)^]xiy(0,0;x) 
+ (20 x^ + 9 C(2) x^ - 6 C(2) X - 20 + 9 C(2)) 

/[(x+ l)(x- l)=']xl. 



. def. . as , s ( fl 

S3 = —Cf C(e) — 



2 \ 



X / D^A; 



[{pi + A;)2 — m^] [{p2 — kf — m^] {k'^f ' 



^ fl'pcr kpko^ . 



This leads to the contributions 
,2. 2 



21 



1 



+ 



e 

1 r 
+- 

e 



2/3 (x^ + l)/[{x - l)(x + 1)] //(O; x) + 1/3 

1/3 (3 - 2 X + 3)/[(a; - 1) (x + 1)] if(0; x) 

-4/3 (,t2 + 1)/[(,t- l)(x+ l)]if(-l,0;x) 
+2/3 (x^ + l)/[(x - l)(x + 1)] i/(0, 0; x) 

-2/3C(2) (x2 + l)/[(x-l)(x + l)]" 

+4/3 C(2) (x^ + l)/[(x - l)(x + 1)] H{-1- x) 

-2/3 (x^ + 1) (-4 + C(2))/[(x - l)(x + 1)] //(O; x) 

-2/3 (3x^ - 2x + 3)/[(x - l)(x + 1)] H{-1, 0; x) 

+8/3 (x' + l)/[(x - l)(x + 1)] H{-1, -1, 0; x) 

-4/3 (x" + l)/[(x - l)(x + 1)] //(O, -1, 0; x) 

+1/3 (3 x^ - 2 X + 3) /[(x - 1) (x + 1)] //(O, 0; x) 

-4/3 (x^ + l)/[(x - l)(x + 1)] H{-1, 0, 0; x) 

+2/3 (x^ + l)/[(x - l)(x + 1)] H{Q, 0, 0; x) 

-1/3 (3 C(2) x^ + 4 C(3) x^ - 2 C(2) X + 4 C(3) + 3 C(2)) 

/[(x-l)(x + l)]^ 



J C.T,C\e) 

\ [2/3 (x^ + l)/[(x - l)(x + 1)] H{Q; x) + 1/3 
1 



X 



+ - 1/3 (3 x^ - 2 X + 3)/[(x - l)(x + 1)] H{Q- x) 

-4/3 (x' + l)/[(x - l)(x + 1)] if (-1, 0; x) 
+2/3 (x2 + l)/[(x - l)(x + 1)] iJ(0, 0; x) 

-2/3C(2) (x2 + l)/[(x-l)(x + l)]" 

+4/3 C(2) (x^ + l)/[(x - l)(x + 1)] H{-1- x) 
-2/3 (x^ + 1) (-4 + C(2))/[(x - l)(x + 1)] /7(0; 
-2/3 (3x2 - 2x + ^yyi^^ - l)(x + 1)] iJ(-l,0;x) 
+8/3 (x^ + l)/[(x - l)(x + 1)] H{-1, -1, 0; x) 
-4/3 (x^ + l)/[(x - l)(x + 1)] H{Q, -1, 0; x) 
+1/3 (3x2 - 2x + ^-^1^^^ - l)(a; + 1)] iJ(0, 0;x) 
-4/3 (x^ + l)/[(x - l)(x + 1)] H{-1, 0, 0; x) 
+2/3 (x^ + l)/[(x - l)(x + 1)] iy(0, 0, 0; x) 
-1/3 (3 C(2) x2 + 4 C(3) x2 - 2 C(2) X + 4 C(3) + 3 C(2)) 



/[(x-l)(x + l)] 



22 



+ 



- 5/6 {x^ + l)/[{x -l){x + 1)] H{Q; x) - 5/12 



1 

+ - 

e 



5/12 {3x'^-2x + 3)/[(x - l)(x + 1)] H{0;x) 

+5/3 (x' + l)/[{x -l){x + 1)] /J(-l, 0; x) 
-5/6 (x^ + l)/[(x - l)(x + 1)] iJ(0, 0; x) 

+5/6C(2) (x2 + l)/[(x-l)(x + l)] 

+ - 5/3 C(2) {x^ + l)/[(a; - l)(a; + 1)] H{-1- x) 
+5/6 + 1) (-4 + C(2))/[(x - l){x + 1)] i/(0; x) 
+5/6 (3x^ -2a; + 3)/[(a;- l)(a; + l)]iJ(-l,0;a;) 
-10/3 {x^ + l)/[(a; - l)(a; + 1)] H{-1, -1, 0; x) 
+5/3 (x' + l)/[(a; - l)(x + 1)] i/(0, -1, 0; x) 
-5/12 (3x2 - 2x + 3^|^^(^^ - l)(a; + 1)] H{0, 0; x) 
+5/3 {x^ + l)/[(x - l)(x + 1)] H{-1, 0, 0; x) 
-5/6 (x^ + l)/[(x - 1)(,T + 1)] H{0, 0, 0; x) 
+5/12 (3 C(2) x^ + 4 C(3) x' - 2 ((2) x + 4 ((3) + 3 ((2)) 



/[(x-l)(x + l)] 



(71) 



- ^4/3 (3 x^ - 2 X + 3)/[(x + l)(x - 1)^] x H{0; x) 
-8/3/(x-l)2x] 

+8/3 (3 x^ - 2 X + 3)/[(x + l)(x - 1)^] x H{0; x) 
-8/3 (3 x^ - 2 X + 3)/[(x + l)(x - 1)^] x //(-I, 0; x) 
+4/3 (3 x^ - 2 X + 3) /[(x + 1) (x - 1)^] x //(O, 0; x) 
-4/3 (4 x^ + 3 C(2) x^ - 2 C(2) x - 4 + 3 C(2)) 

/[(x + l)(x- l)^]x 



.27r/ 

^ 4/3 (3 x^ - 2 X + 3)/[(x + l)(x - 1)=^] x //(O; x) 

-8/3/(x- l)2x 

+8/3 (3x2 - 2x + 3y^(^^ ^ ^^)(^^ _ i)3j ^ jy(^Q. 
-8/3 (3x2 _ 2x + 3)/[(x + l)(x - lf]xH{-l,0;x) 
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+4/3 {3x^-2x + 3)/[{x + l)(x - 1)^] x H{0, 0; x) 
-4/3 (4 + 3 C(2) x^-2 C(2) x - 4 + 3 C(2)) 

/[{x + l){x~lf]x 



- 5/3 (3 - 2 X + 3)/[(x + l)(x - 1)^] x if(0; x) 



+ 10/3/(x- l)2x 

-10/3 (3 x^ - 2 X + 3)/[(x + 1) (x - 1)^] X H{0; x) 
+ 10/3 (3x2 - 2x + ^y^(^^ ^ _ i)3j ^/7(_i^0; x) 
-5/3 (3 x^ - 2 X + 3)/[(x + l)(x - 1)^] x i/(0, 0; x) 
+5/3 (4 x^ + 3 C(2) x^ - 2 C(2) x - 4 + 3 C(2)) 

/[(x + l)(x- l)^]xl. 



Fig. El (f): 





5f ) X 



def. r-(ll) «5 ^ ^/ \ / ^ ^ 

^2 X T^C'p^le) ( ^ 



X 



27r 



[{pi + k) - m?] [{p2 - ky 

with A/2 as defined in Eq. . They contribute 

,2 \ 2^ 



/i 



\27r/ \ 



- 3/2 (x^ + l)/[(x - l)(x + 1)] /7(0; x) - 3/4 

+ ^ y - 1/4 (17x2 - 6x + 17)/[(x - l)(x + 1)] if(0; x) 

+3 (x^ + l)/[(x - l)(x + 1)] H{-1, 0; x) 
-3/2 (x^ + l)/[(x - l)(x + 1)] if(0, 0; x) 

+ 1/2 (-2 x^ + 3 C(2) x^ + 2 + 3 C(2))/[(x - l)(x + 1)] 

-3 C(2) (x2 + l)/[(x - l)(x + 1)] H{-1- x) 
+1/2 (-26 x^ + 3 C(2) x^ + 4 X + 3 C(2) - 26) 

/[(x-l)(x + l)]if(0;x) 
+ 1/2 (17x2 - 6x + 17)/[(x - l)(x + 1)] H{-y 0; x) 



(72) 



(73) 
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G^J^ [ s.e. — ;r 



-6 {x^ + l)/[{x -l){x + 1)] H{-1, -1, 0; x) 
+3 (x^ + - l)(x + 1)] //(O, -1, 0; x) 

-1/4 (ITx^ - 6a; + 17)/[(a; - + 1)] iJ(0, 0; x) 
+3 {x^ + - + 1)] 0, 0; a;) 

-3/2 (x^ + l)/[(x - l)(x + 1)] //(O, 0, 0; x) 
+1/4 (17 C(2) - 8 + 12 C(3) x^ - 6 C(2) x 

+12C(3) + 8 + 17C(2))/[(x-l)(x + l)] 

2 \ 2e 



1 

e 



- 3 (3 x^ - 2 X + 3)/[(x + l)(x - If] X H{0; x) 

+6/(x - 1)2 X 
-10 (3x2 - 2x + 3^/^(^^ + l)(x - lf]xH{0; x) 
+6 (3 x^ - 2 X + 3)/[(x + l)(x - 1)^] X /f(-l, 0; x) 
-3 (3x2 - 2x + 3y^(^^ + l)(a; - 1)^] x i/(0, 0; x) 
+ (9 C(2) x2 + 20 x2 - 6 C(2) X - 20 + 9 C(2)) 

/[(x + l)(x- l)=^]x 



(74) 



(75) 



• Fig. El (g) is defined as the two-loop renormalization constant ^2 times the 
Born level amplitude and reads: 





(76) 



Its contribution to Gi is: 



.(20 

02 ■ 



(77) 



5.3 UV-Renormalized Two-Loop Form Factors 

Adding the terms given in Sections 15. II and l5. 21 we obtain the UV-renormalized axial 
vector form factors to second order in QCD. They still contain terms proportional to 
e~2 and due to infrared and coUinear singularities in the loops. In this Subsection 
we put the renormalization scale /i equal to the on-shell mass m (The logarithms 
that are present if 7^ m are given in Section I^Til ). Then we get: 



(21) 



G'(e) 
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where: 

Cl 

C2 
C4 

C7 



- {Cf Tr Nf Cl + Cf Tr + Cf Ca C3 + 

+ ^ (Cf Tfi Nf 55 + Cf h + Cf Ca 57 + C| gg) 

+ (Cf Tr Nf C9 + Cf Tr Cio + Cf Ca Cii + cl C12) 



C6 = 0, 

+ l)/[(x- l)(x+ l)]iJ(0;a;) 
+ + l)V[(a; + lf{x - if] H{0, 0; x) + 1/2, 
-1/36 (a:2 + 1) (-67,t^ + 54C(2) a;^ + 67 - 18C(2)) 

/[{x+iy{x -lf]H{0;x) 
-{x^ + 1)/[(.T- 1)(,T+ l)]i/(-l,0;,x) 
+ + l)V[(x + lf{x - If] H{0, -1, 0; x) 
+2/[{x -l){x + 1)] i7(0, 0; x) 
-2 (a;^ + l)/[(a; + l)2(a; - 1)^] x^ H{0, 0, 0; x) 
+ {x^ + l)/[{x -l){x + 1)] H{1, 0; x) 
-{x^ + l)V[(x + l)'(x - If] H{0, 1, 0; x) 
+1/36 (54 C(2) x^ - 49 - 18 C(3) - 36 C(3) x'^ + 98 x^ 

-72 C(2) x^ - 49 + 18 C(2) - 18 C(3))/[(x + ifix if], 
-1/2 (2 C(2) x^ + 7 - 2 x^ + 4 C(2) x^ + 2 x + 2 C(2) - 7) 

/[{x+lf{x-lf]H{0-x) 
+2 (x^ + l)/[(x - l)(x + 1)] H{-1, 0; x) 
-2 (x^ + l)V[(x + lf{x - If] H{0, -1, 0; x) 
+2 (x' + 1) (x' - X + 2)/[(x + lf{x - if] H{0, 0; x) 
-4 (x^ + 1) V[(x + l)'(x - If] H{-1, 0, 0; x) 
+3 (x^ + 1) V[(x + lf{x - If] H{0, 0, 0; x) 
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+ (2x2 + C(2) - 2 + C(2))/[(x - l)(x + 1)], (84) 
-4/3 C(2) (x2 + l)/[(x - l)(x + 1)] if (-1; x) 
-1/54 (36 C(2) x^ + 209 x^ - 78 x + 36 ((2) + 209) 

/[(x- l)(x + l)]i/(0;x) 
+2/9 (19x2 - 6x + 19)/[(x - l)(x + 1)] iJ(-l,0;x) 
-8/3 (x^ + l)/[(x - l)(x + 1)] H{-1, -1, 0; x) 
+4/3 (x^ + l)/[{x - l)(x + 1)] H{0, -1, 0; x) 
-1/9 (19 - 6 X + 19)/[(x - l)(x + 1)] H{0, 0; x) 
+4/3 (x^ + l)/[{x - l){x + 1)] H{-1, 0, 0; x) 
-2/3 (x^ + l)/[(x - l)(x + 1)] H{0, 0, 0; x) 
+1/27 (93 C(2) x^ + 106 x^ + 36 C(3) x^ - 18 C(2) x 

+36 C(3) - 106 + 21 C(2))/[(x - l)(x + 1)], (85) 
-1/54 (36 C(2) x^ + 265 x^ + 72 C(2) x^ - 208 x^ - 144 C(2) 

+14 x^ + 72 C(2) X - 208 x + 36 C(2) + 265) 

/[(x + l)=^(x-l)]ii(0;x) 
+1 /9 (19 x^ - 14 x=^ + 14 x^ - 14 X + 19) /(x + 1)^ H{0, 0; x) 
-2/3 (x^ + 2 x^ - 4 x^ + 2 X + l)/[(x + l)^(x - 1)] H(0, 0, 0; x) 
-1/27 (-383 x^ + 27 C(2) x^ + 1026 C(2) x^ - 1412 x^ - 2058 x^ 

+1278 C(2) x^ + 1026 C(2) x - 1412 x - 383 + 27 C(2)) /(x + l)^ (86) 
-2/3(34x^ + 3x^ -33x2 + 3x- 1) 

/[(x + l)2(x-l)2]//(0,-l,0;x) 
-4 (x^ + l)V[(x + l)2(x - 1)2] H{-1, 0, -1, 0; x) 
+2 (11 x^ + 5 x^ - 15 x^ + 26 x^ - 27 x2 + 5 X - 1) 

/[(x + l)=^(x-l)=^]//(0,0,-l,0;x) 
+4 (x2 + l)2/[(a; + l)2(x - 1)2] H{1, 0, -1, 0; x) 
-6 (x2 + l)/[(x - l)(x + 1)] H{1, -1, 0; x) 
+6 (x2 + l)2/[(,x + l)2(a; - 1)2] H{0, 1, -1, 0; x) 
+1/36 (36 C(2) x^ - 217 x^ - 144 C(2) x^ - 282 x^ + 612 C(2) x^ 

+451 - 504 C(2) x^ + 348 x^ - 467 x2 + 540 C(2) x2 - 66 x 

-144 C(2) X - 36 C(2) + 233)/[(x + lf{x - if] H{0, 0; x) 
-1/3 (53 x^ - 141 x^ + 228 x2 - 141 x - 17) 

/[(x + l)2(x-l)2]i/(-l,0,0;x) 
+2 (7,T^ - 7x^ + 33 x^ - 56 x^ + 25 x2 - 7x - 1) 

/[(x + l)^(x - 1)''^] H{0, -1, 0, 0; x) 
+1/6 (89 x^ - 402 x^ + 499 x^ - 354 x^ + 37 x2 - 24 x + 1 1) 

/[(x + l)^(x- l)3]iJ(0,0,0;x) 
+2 (x2 + 3) (x2 + l)/[(x + l)2(x - 1)2] H{-1, 0, 0, 0; x) 
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+2 {x^ -5x^ + 18 -26x^ + x- 5) 

/[{x + lf{x-lf]H{l,0,0,0;x) 
-2 (2 + 5 - 14 + 5 X + 6)/[(x + lf{x - if] H{1, 0, 0; x) 
-(12x^-x^ + 10x^-28x2-2x-l) 

/[{x + lf{x - lf]xH{0,0,0,0;x) 
-2 (x^ - 5 x^ + 2 1 x^ - 34 x^ + 17 x^ - 5 X - 3) 

/[(x + l)3(x-l)=^]i7(0,l,0,0;x) 
+ (-3 x^ + 4 C(2) X'' - x^ - 8 C(2) x^ + 40 C(2) x^ + 2 x^ - 48 C(2) x^ 

-2x^ + X + 4C(2) X + 3 - 8C(2))/[(x + lf{x - if] H{1, 0;x) 
-6 (x^ + l)/[(x - l)(x + 1)] H{-1, 1, 0; x) 
+6 {x^ + l)V[(x + lf{x - if] H{0, -1, 1, 0; x) 
+4 (x^ + 1) V[(x + lf{x - If] H{-1, 0, 1, 0; x) 
-2 (7x^ + 7x^ + 12x3 + 4x^ + X + 1) 

/[(x + lf(x-l)2]i7(0,0,l,0;x) 
-4 (x^ + l)V[(x + lf{x - If] H{1, 0, 1, 0; x) 
+2 (x' + l)/[(x - l)(x + 1)] H{1, 1, 0; x) 
-2 (x' + lf/[{x + lf{x - If] H{0, 1, 1, 0; x) 
+8 (x' + l)/[(x + l)'(x - 1)] X H(0, 1, 0; x) 
-(x^ + 1) (C(2) x' + 2 C(3) x' - C(2) + 2 C(3)) 

/[ix + lf{x-lf]Hil;x) 
+1/540 (-1917 C(2)^ x^ + 3240 C(2) ln(2) x^ - 7975 x^ 
-5205 C(2) x^ + 450 C(3) x^ - 3564 C(2)^ x^ 
-22680 C(3) x^ + 33930 C(2) x^ - 19440 C(2) ln(2) x^ 
+23925 x^ + 29160 C(2) ln(2) x^ 
+36270 C(3) x^ + 12447 C(2)^ x^ - 42405 C(2) x^ 
-13716 C(2)2 x^ - 8460 C(2) x^ + 14445 C(2)^ x^ 
-29160 C(2) ln(2) x^ + 47505 C(2) x^ - 30690 C(3) x^ 
-23925 x^ - 25470 C(2) x + 22680 C(3) x 
+19440 C(2) ln(2) x - 3564 ((2)^ x - 6030 C(3) 
-3240 C(2) ln(2) + 7975 + 81 C{2f + 105 C(2)) 
/[{x + lf{x-lf] 
+C(2) (x^ + 1) V[(x + lf{x - If] H{0, 1; x) 
+52/3 (x^ + l)/[(x - l)(x + 1)] H{-1, -1, 0; x) 
-1/3 (10 C(2) x^ - 6 C(3) x^ - 81 C(2) x^ - 12 C(3) x^ + 108 C(2) x^ 

-81 C(2) X + 26 C(2) - 6 C(3))/[(x + lf{x - 1)^] H{-1; x) 
+1/216 (1044 C(2) x^ - 1620 C(3) x^ + 2545 x^ + 3024 C(3) x^ 
-570 x^ - 12528 C(2) x^ - 13716 C(3) x^ - 2545 x^ 
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+18396 C(2)x^- 12744 C(2)x3 + 1140 x'V 25920 C(3)x3 
+3060 C(2) - 2545 - 13500 C(3) - 570 x 
-2808 C(2) X + 3024 C(3) x - 1404 ((3) 
+396 C(2) + 2545)/[(x + lf{x - if] H{0; x) 
+C(2) (7x^ + 6 x^ ~ 29 + 24 x'^ - 31 x^ + 6 x + 5) 

/[{x + lf{x-lf]H{0,-l-x) 
-1/9 (31 x^ - 105 x^ - 36 C(2) x^ + 105 x - 36 C(2) - 31) 

/[(x+l)2(x- l)2]i/(-l,0;x) 
-10 (x^ + l)V[(x + lf(x - if] H{0, -1, -1, 0; x), 
8 (x^ + lf/[{x + lf{x - If] H{-1, 0, -1, 0; x) 
-8 (x' + l)V[(x + lf{x - if] H{1, 0, -1, 0; x) 
+8 (x' + l)V[(x + lf{x - If] H{1, 0, 1, 0; x) 
+2 C(2) (5x^ - 27x^ + 36x2 - 27x + 7^ 

/[(x + lfix-lf]H{-l-x) 
-2C(2) (5x^ + 6x^ -31x^ + 24 x^ -29x2 + 6x + 7) 

/[{x + lfix-lf]H{0,-l;x) 
-1/8 (85 x^ - 64 C(3) x^ + 136 C(2) x^ - 160 C(3) x^ - 6 x^ 
-296 C(2) x^ + 1056 C(3) x^ - 85 x^ - 568 C(2) x^ 
+944 C(2) x^ + 12 x^ - 1536 C(3) x^ - 85 x^ 
-616 C(2) x^ + 1056 C(3) x^ + 24 C(2) x 
-160 C(3) X - 6 X - 64 C(3) + 85-8 C(2)) 
/[{x + lfix-lf]H{0;x) 
+1 /2 (-55 x^ + 8 C(2) x^ + 82 x=^ + 16 C(2) x^ - 82 x + 8 C(2) + 55) 

/[(x + lf(x-lf]H(-l,0;x) 
+2 (8 x^ - 27 x^ + 60 x^ - 27 X + 6) 
/[{x + lf{x-lf]H{0,-l,0;x) 
-2 (11 - 2 x^ + 33 x^ - 56 x^ + 23 x^ - 2 X + 1) 

/[(x + l)^(x - 1)-'^] H{0, 0, -1, 0; x) 
-4 (x^ + l)/[(x - l)(x + 1)] H{-1, -1, 0; x) 
+1/4 (229 x^ + 52 C(2) x^ - 266 x^ - 16 C(2) x^ + 124 C(2) x^ 

+15 x^ - 320 C(2) x^ + 196 x^ + 84 C(2) x^ - 189 x^ + 70 x 
-16 C(2) X - 55 + 12 C(2))/[(x + lf{x - if] H{Q, 0; x) 
-2 (3 X* - 15 x^ + 76 x^ - 15 X + 5) 
/[(x + l)2(a;- l)2]i/(-l,0,0;x) 
+16 (x^ + l)V[(,x + lf(x - If] H{-1, -1, 0, 0; x) 
-2 (7 x^ + 10 x^ - 65 x^ + 104 x^ - 75 x^ + 10 x - 3) 
/[(x + l)3(x-l)3]i/(0,-l,0,0;x) 
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-2 {5x^ - 10 - 60 + 59 - IGx^ - 7 x + 5) 

/[{x + lf{x-lf]H{0,0,0;x) 
-12 {x^ + if/lix + lf{x - if] H{-1, 0, 0, 0; x) 
+ {27 x^ -2x^ + 27 x^ - 56x^ - 7x^ - 2x-7) 

/[{x + l)^(a; - 1)^] i/(0, 0, 0, 0; x) 
+8 (x^ - 2 + 18 - 14 + 4 X + 1) 

/[{x + lf{x-lf]H{l,{),{),Q-x) 
+2 (8a;'*- 19x^ + 46x2 - 19a; + 8)/[(a; + l)2(a; - 1)^] i7(l, 0, 0;a;) 
-4 (x^ - x^ + 14x^ - 20x''^ + 14x2 - X + 1) 

/[(x + l)'^(x- l)-^]if(0, 1,0,0; x) 
+4 (C(2) x^ + 4 x^ + 2 x^ - 5 C(2) x^ + 34 C(2) x^ - 2 x^ + 2 x^ 
-30C(2)x2-2x + 7C(2)x-4 + C(2)) 
/[(x+l)='(x-l)2]i7(l,0;x) 
-2 (5x^ - lOx^ + ISx^ - lOx + 5)/[(x + l)2(x - 1)^] i7(0, 1, 0; x) 
+4(3x^ + 3x^ + 6x^-2x2-x-l) 

/[(x + l)=^(x-l)2]//(0,0,l,0;x) 
+4 C(3) (x^ + 1) V[(x + lf{x - If] H{l-x) 
-1/20 (-362 C(2)2 x^ + 240 C(2) ln(2) x^ - 230 x^ - 275 C(2) x^ 
+140 C(3) x^ + 144 C(2)2 x^ + 600 C(3) x^ + 230 C(2) x^ 
-1440 C(2) ln(2) x^ + 690 x^ + 2160 C(2) ln(2) x^ 
-2980 C(3) x^ - 1198 ((2)^ x^ + 255 C(2) x^ 
+2656 C(2)2 x^ + 500 C(2) x^ - 954 ((2)^ x^ 
-2160 C(2) ln(2) x^ - 165 C(2) x^ + 3060 C(3) x^ 
-690 x^ - 730 C(2) X - 600 C(3) x + 1440 C(2) ln(2) x 
+144 C(2)2 X - 220 C(3) - 240 C(2) ln(2) + 230 
-118C(2)2 + 185C(2))/[(x+lf(x-lf] 
+4 (x2 + 1) V[(x + l)2(x - If] H{0, -1, -1, 0; x), (88) 

dj= for J = 1... 7, (89) 
4 = -2(5x2 -2x + 5)/[(x- l)^(x + l)]xi/(0;x) 

+4 (3 x2 - 2 X + 3) (x2 + 1) /[(x + l)2(x - 1)^] X H{0, 0; x) 

+4/(x-l)2x, (90) 
dg = -2/9 (51 x2 - 26 X + 51)/ [(a; + l)(:r - 1)-^] x H{0; x) 

+8/3 (3 x^ - 2 X + 3)/[(x + 1) (x - 1)^] x H{-1, 0; x) 

-4/3 (3 x2 - 2 X + 3)/[(x + l)(x - 1)^] x H{0, 0; x) 

+4/9 (19 x2 + 9 C(2) x2 - 6 C(2) x - 19 + 9 ((2)) 

/[(x + l)(x-l)3]x, (91) 
Jio = -2/9 (51 x^ - 176 x^ - 70 x2 - 72 C(2) x^ - 176 x + 51) 
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/[{x + lf{x-l)^]xH{0;x) 
+4/3 (3 a;^ - 14 - 2 - 14 X + 3)/[{x + l)^(a; - 1)^] x H{Q, 0; x) 
+16/[{x + l)''^(a; - if] x^ H{0, 0, 0; x) 

+4/9 (-8 + 45 C(2) x^ - 90 C(2) x^ - 80 x^ - 144 x^ + 18 C(2) a;^ 

-90 C(2) X - 80 X - 8 + 45 C(2))/[(x + l)^(x - 1)^] x, 
-18 C(2) (x^ - 4x + 1) (x^ + l)/[(x + lf{x - 1)^] X //(-I; x) 
+24C(2) (x^ + 1) - 5 X + l)/[(x + lf{x - 1)5] x^ H{0, -1; x) 
+ 1/18 (324C(2)x6 + 687x^ + 1008 C(3) x^ - 3384 C(2) x^ + 26x5 
-4752 C(3) x^ + 3960 C(2) x^ - 687 x^ - 7056 C(2) x^ 
+9216 C(3) x^ - 52 x^ - 687x2 + ^g20 ((2) x^ 
-4752 C(3) x^ + 1008 C(3) x + 26 x - 648 C(2) x + 687) 
/[(x+ l)^(x- l)5]xi7(0;x) 
-2/3 (3x2 - 88x + gy [(^^ + l)(x - 1)3] xiJ(-l, 0; x) 
-48 (x^ - X + l)/[(x + l)2(x - 1)^] x^ H{0, -1, 0; x) 
+8 (5 x^ - 14 x=^ + 30 x^ - 14 X + 5) 

/[(x + l)=*(x - 1)5] x^ //(O, 0, -1, 0; x) 
-1/3 (39 x^ + 48 C(2) x5 + 184 x^ - 252 C(2) x^ - 87 x^ + 48 C(2) x^ 
-152 x=^ + 81 x^ - 252 C(2) x^ - 32 x + 48 C(2) x - 33) 
/[(x + l)='(x-l)5]x//(0,0;x) 
-2(9x^-92x3 + 130x2-92x + 9) 
/[(x + l)2(x-l)^]x//(-l,0,0;x) 
-8 (7x^ - 29x^ + 62x2 - 29x + 7) 

/[(x + l)='(x - 1)5] x2 H{0, -1, 0, 0; x) 
+2 (9x^ - 112x3 + ;^4g^2 _ 1952; + 9) 

/[(x + l)3(x - 1)5] x^ H{0, 0, 0; x) 
+4 (x^ - 5 x^ + 38 x2 - 5 X + 1) 

/[(x + l)3(x - 1)5] x2 H{0, 0, 0, 0; x) 
-16 (3 x2 - 8 X + 3)/[(x + l)3(x - if] x2 H{1, 0, 0, 0; x) 
-24 (3 x2 - 2 X + 3)/[(x + l)2(x - 1)^] x^ H{1, 0, 0; x) 
+8 (5 x^ - 14 x^ + 42 x2 - 14 X + 5) 

/[{x + l)3(x - 1)5] x2 H{0, 1, 0, 0; x) 
-4 (x^ + 12 C(2) x^ - 32 C(2) x^ - 2 x^ + 12 ((2) x + 1) 

/[(x+ l)3(x- l)3]xiJ(l,0;x) 
-16/[(x + l)2(x - 1)2] x2 H{0, 1, 0; x) 
-32/[(x + lf{x - If] x^ H{0, 0, 1, 0; x) 

+1/45 (1080 C(2) ln(2)x^ + 540C(3)x^- 1395C(2)x^- 1210 x^ 
-7380 C(3)x5 - 4320 C(2) ln(2) x5 - 1188C(2)2x5 



31 



+10500 C(2) + 3630 + 10980 C(3) x* + 4878 ((2)^ x'^ 
-7425 C(2) x^ + 5400 C(2) ln(2) x'^ - 3360 C(2) x^ 
-3168 C(2)^ x^ + 4878 C(2)^ x"^ - 10980 C(3) x^ 
+7875 C(2) x'^ - 3630 - 5400 C(2) ln(2) 
+4320 C(2) ln(2)x- 1188C(2)^a;-7140C(2)x 
+7380 C(3) X - 540 C(3) - 1080 ((2) ln(2) 
+ 1210 + 945 C(2))/[(a; + lf{x - if] x, 
36C(2) (x^ - 4,T+ 1) {x^ + l)/[(x + l)^(x - lf]xH{-l;x) 
-48 C(2) (x^ + 1) (x^ - 5 X + l)/[(x + l)''^(x - 1)^] x^ iJ(0, -1; x) 
-1/2 (61 x"^ + 96 C(2) x*^ - 22 a;^ - 216 C(2) x^ - 32 C(3) x'^ 

-1032 C(2) x^ - 61 + 1056 C(3) + 448 C(2) x^ + 44 
-1664 C(3) + 1056 ((3) x^ - 480 C(2) - 61 
-32 C(3) X - 22 x + 56 C(2) X + 61 - 24 C(2)) 
/[(x+ l)'^(x - lf]xH{<d-x) 
-2 (25 - 86x + 25) /[(x - 1)^(2; + 1)] x H{-1, 0; x) 
+8 (3x^- 13x^ + 64x^ - 13x + 3) 

/[{x+lf{x-lf]xH{0,-l,0;x) 
-16(x^ + 19x^ -28x^ + 19x+ 1) 

/[(x + l)='(x - 1)^] x^ H{0, 0, -1, 0; x) 
+(125 x^ - 230 x^ + 187 x^ + 96 C(2) x^ - 432 C(2) x^ + 204 x^ 

+96 C(2) x^ - 269 x^ + 26 X - 43) /[(x + lf(x - if] x H{0, 0; x) 
-4 (15 x^ - 16x^ + 198 x^ - 16x + 15) 

/[(x+l)'(x-l)^]x//(-l,0,0;x) 
-16 (x^ - 37x^ + 54x2 - 37x + 1) 

/[(x + l)='(x - 1)^] x' H{0, -1, 0, 0; x) 
+4 (14x^ + 175x^-56x3 + 14x2 + 6x- 9) 

/[(x + l)3(x - 1)^] X i/(0, 0, 0; x) 
-8 (x^ - 5 x^ + 38 x^ - 5 X + 1) 

/[(x + lf{x - If] x^ H{0, 0, 0, 0; x) 
-32 (x^ - 17x + l)/[(x + lf{x - if] x^ H{1, 0, 0, 0; x) 
+8 (3x^ - 7x3 ^ g4^2 _ 73, + 3y[(^^ ^ 1^2^^ _ 3. ^(1^ q, 0; x) 

-16 (x^ + 19 x^ - 16 x^ + 19 a; + 1) 

/[(x + l)3(x - 1)-^] x^ iJ(0, 1, 0, 0; x) 
+32 (x^ - C(2) x^ + x^ + 17C(2) x^ - ((2) x + x + 1) 

/[(x + l)3(x- l)3]xif(l,0;x) 
-8 (3 x^ - 6 x^ + 14x2 - 6 X + ^y^(^^ ^ ^^2^^^ _ ^^)4| ^ ^^^q^ -^^ q. 

+64/[(x + l)3(x - if] x^ H{Q, 0, 1, 0; x) 
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-1/5 (240 C(2) ln(2) - 60 C(3) - 235 C(2) x^ - 85 x^ 
+320 C(3) x^ - 960 C(2) ln(2) x^ + 8 ((2)^ x^ 
-30 C(2) x^ + 255 x^ - 3340 C(3) x^ - 1160 C(2)^ 
+1595 C(2) x^ + 1200 C(2) ln(2) x^ + 540 C(2) a;^ 
+3240 C(2)^ - 1160 C(2)^ + 3340 C(3) x^ - 1525 C(2) a;^ 
-255 - 1200 C(2) ln(2) x^ + 960 C(2) ln(2) x + 8 C(2)^ x 
-510 C(2) X - 320 C(3) X + 60 C(3) - 240 C(2) ln(2) 
+85 + 165 C(2))/[(x + l)^(x - 1)^] X. (94) 



5.4 Form Factors for fi 

In this Section we give the expressions for the renormahzed axial vector two-loop 
form factors for the case of fij^m. 

At the one-loop level we do not have an explicit dependence on the logarithm of 
the ratio of the renormalization scale and the mass of the heavy quark, because an 
overall factor {jji^ /rn^Y can be taken out, see Eqs. ()35I36|) . 

At the two-loop level, such a dependence results from the coupling constant 
renormalization, first appearing at this level. Factoring an overall (yU^/m^)^'^, we 
have: 

+pf)(,)W(^)}, (95) 

where the functions Cf^j^ (e, s) are given in Eqs. (j78l79|) and the functions Of^^ (e, s) 

andPf'^(s) can be obtained either from the renormalization group pT or by explicit 
expansion. We find: 

Of\e,s)= -CF[TR{Nf + l) -ll/4Ar,] 

X I I; { (a^' + - l)(x + 1)] H{Q- x) - 1 } 

+ 1/3 (3x^ - 2x + 3)/[(x - l)(x + 1)] if(0; x) 
-4/3 (x^ + l)/[(x - l)(x + 1)] H{-1, 0; x) 
+2/3 (x^ + l)/[(x - l)(x + 1)] /7(0, 0; x) 

-2/3 (x^ C(2) + 2x2 + C(2) - 2)/[(x - l)(x + 1)]|, (96) 

Vf\s)= CF[TR{Nf + l) -11/4 AT,] 

xl/3 {(x^ + l)/[(x - 1) (x + 1)] i^(0; x) - 1}, (97) 
Of\e,s)= -CF[TR{Nf + l) -11/4 AT,] 

x4/3{(3x2-2x + 3)/[(x- l)^(x + l)]xi/(0;x) 

-2(x-l)2x}, (98) 
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(99) 



6 Analytical Continuation above Threshold 

The results for the renormahzed form factors can be analytically continued into the 
timelike region s > and in particular above the physical threshold s > 4 by using 
the substitution |T] 

x^-y + ie, (100) 

with 

y = -^—j==- (101) 

For s > 4 the form factors become complex due to absorptive parts. We write: 

Gi(s + ie,e) = 3?Gi(s, e) + m $5Gi(s, e), (102) 
Gi{s + ie,e) = 3fJGi(s,e) +m$5Gi(s,e). (103) 

These imaginary parts arise from the analytical continuation of the harmonic poly- 
logarithms with rightmost index 0. In the following two Subsections we shall give 
the real and imaginary parts of Gi^2 at one and two loops, putting fi = m. 

6.1 One-Loop Form Factors above Threshold 

The analytical continuation of the coefficients Sj and bi in Eqs. (I35|36|) is: 

3iSi= (y^ + l)/[{y-l)(y+l)]H{0;y)^l, (104) 
3? a2 = 1/2 (3 y2 + 2 y + 3)/[(y - 1) (y + 1)] if (0; y) 

+ {y' + l)/[{y - 1) {y + l)]H{0,0;y) 

+2{y' + l)/[{y - 1) {y + l)]H{l,0;y) 

-2 {y' + 2 C(2) y'-l + 2 C(2))/[(y - 1) {y + 1)], (105) 
3fJ S3 = -4 {y' + 1) (-1 + C(2))/[(y -l){y + 1)] H{0; y) 

+ 1/2 (3y2 + 2 y + 3)/[(y -l){y+ 1)] i/(0, 0; y) 

+ (l/2 + l)/[(l/-l)(y + l)]if(0,0,0;y) 

+2(|/2 + l)/[(y-l)(y+l)]iJ(l,0,0;y) 

+ (32/2 + 2y + 3)/[(y -l){y + 1)] ii(l, 0; y) 

+2(y2+l)/[(^-l)(^+l)]/f(0,l,0;2/) 

+4(y2 + i)/[(^_l)(^+l)]if(l,l,0;y) 

-8C(2) (y2 + l)/[(y-l)(y + l)]iJ(l;y) 

-2 (C(3) y^ + 3 C(2) + 2 + 2 C(2) y - 2 + 3 C(2) + C(3)) 

/[(2/-l)(2/ + l)], (106) 
53Si= (2/2 + l)/[(^_l)(^ + l)], (107) 
^~a2= {y^ + l)/[{y-l){y + l)]H{Q-y) 
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+2 {y^ + l)/[{y-l){y^l)]H{l-y) 
+ 1/2 (3t/2 + 2y + 3)/[(y-l)(i/ + l)] 



(108) 



53 53 = 1/2 (3 + 2 y + 3)/[(y - 1) (y + 1)] H{Q- y) 
+ (y2 + l)/[(y-l)(y + l)]iJ(0,0;y) 
+2(?/2 + l)/[(t/-l)(y + l)]i/(l,0;2/) 
+(3|/2 + 2 y + 3)/[(y - 1) (y + 1)] //(I; y) 
+2 (|/2 + l)/[(y-l)(y + l)]iJ(0,l;y) 

+4(|/2+l)/[(y-l)(y + l)]i7(l,l;y) 

-2(y2 + l)(C(2)-2)/[(y-l)(y + l)], (109) 
3^62= -2{?>y^ + 2y + ?>)/[{y-l){y+lf]yH{Q-y) + A/{y+lYy, (110) 
3? 63 = -4 (3 y2 + 2 y + 3)/[(y - 1) {y + 1)=^] 2/ /f(0; y) 

-2 (3 y2 + 2 y + 3)/[(y - 1) (2/ + 1)=^] y HiO, 0; y) 

-4 (3 + 2 y + 3)/[(2/ - 1) (2/ + 1)=^] 2/ Hil, 0; 2/) 

+8 (2/2 + 3 C(2) 2/' + 2 C(2) 2/ + 3 C(2) - 1) 

/[(2/-l)(2/ + l)^]2/, (111) 
53 62 = -2 (3 2/2 + 2 2/ + 3)/[(2/ - 1) (2/ + 1)=^] y, (112) 
53 63 = -2 (3 2/2 + 2 2/ + 3)/[(2/ - 1) (2/ + 1)=^] 2/ HiO; y) 
-4 (3 2/2 + 2 2/ + 3)/[(2/ - 1) (2/ + 1)=^] 2/ ^^(1; 2/) 

-4 (3 2/2 + 2 2/ + 3)/[(2/ - 1) (2/ + 1)'] 2/- (113) 



The above expressions for the singular term and the term of order e° of Gi agree 
with those of pT] . 

6.2 Two-Loop Form Factors above Threshold 

The real and imaginary parts of the coefficients Cj and di in Eq. (fTHj) are: 



3fJc4= -(2/2 + l)/[(2/-l)(2/+l)]i/(0;2/) 

+ (2/2 + l)2/[(2/-l)2(2/ + l)2]if(0,0;2/) 

-1/2 (-2/^ + 6 C(2) 2/' + 2 2/2 + 12 C(2) 2/2 - 1 + 6 C(2)) 



3? C7 = 1/36 (2/2 + 1) (67 2/2 + 162 C(2) 2/2 - 67 + 18 C(2)) 
/[(2/ -1)2(2/+ 1)2] //(O; 2/) 
-(2/2 + l)/[(2/+l)(2/-l)]i/(-l,0;2/) 
+ (2/2+l)2/[(2/-l)2(2/ + l)2]iJ(0,-l,0;2/) 
+2/[(2/ + l)(2/-l)]2/'i^(0,0;2/) 



3?ci= -^SR53 = -^3^55 = 

1/3 (2/2 + l)/[(2/ - 1)(2/ + 1)] H{0; y) - 1/3 

^C2= 3?C6 = 0, 



(114) 
(115) 



/[(2/- 1)2(2/ + 1)2] 



(116) 
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-2 + l)/[(y - If (y + 1)2] y2 iJ(0, 0, 0; y) 
+ {y^ + i)/[{y + l){y~l)]H{l,Q-y) 
-{jf + lf/[{y-l)\y + lf]H{Q,l,Q-y) 

-1/36 (49 + 18 C(3) + 162 C(2) - 144 C(2) y^ + 36 C(3) y^ 

-98 y^ - 18 C(2) + 18 C(3) + 49)/[(|/ - lf{y + 1)^], (117) 
3? C8 = -1/2 (20 C(2) + 7 + 2 + 40 C(2) _ 2 y - 7 + 20 ((2)) 
/[(y + l)2(t/-l)2]iJ(0;y) 
+2 (1/2 + 1) (,/ + y + 2)/[(y + lf{y if] H{0, 0; y) 
+3 (y2 + 1) V[(y + l)\y - 1)2] i/(o, 0, 0; y) 
+Aiy' + ir/[{y+lf{y-lf]Hil,0,0;y) 
-2 (|/2 + l)/[(y+l)(y-l)]i/(l,0;y) 
+2(y2 + l)V[(^-l)2(^ + l)2]^(0,l,0;i/) 

-12C(2) (|/2 + l)V[(^ + l)2(^_l)2]i^(l;^) 

-(5 C(2) 1/^ - 2 + 6 C(2) y^ + 18 C(2) + 4 1/^ + 6 C(2) |/ 

-2 + 13C(2))/[(|/ + l)2(2/-l)2], (118) 
3? cg = 1 /54 (72 C(2) y2 _ 209 - 78 y + 72 C(2) - 209) 
/[(y-l)(y + l)]//(0;y) 
-1/9 (19 y2 + 6 y + 19)/[(y - l)(y + 1)] H(0, 0; y) 
-2/3 (y2 + l)/[(y - l)(y + 1)] //(O, 0, 0; y) 
-4/3 (y2 + l)/[(y - l)(y + 1)] //(I, 0, 0; y) 
-2/9 (19 y2 + 6 y + 19)/[(y - l)(y + 1)] H(l, 0; y) 
-4/3 (y2 + l)/[(y - l)(y + 1)] H{0, 1, 0; y) 
-8/3 (y2 + l)/[(y - l)(y + 1)] //(1, 1, 0; y) 
+16/3 C(2) (y2 + l)/[(y - l)(y + 1)] H(l; y) 
+2/27 (18 C(3) y2 + 53 y^ + 132 C(2) y^ + 36 C(2) y - 53 

+96 C(2) + 18 C(3))/[(y - l)(y + 1)], (119) 
3? Cio = 1/54 (-265 ?/ + 72 C(2) y^ - 208 y^ - 144 C(2) y^ - 14 y^ 
-288 C(2) y2 - 208 y - 144 C(2) y - 265 + 72 C(2)) 
l[{y-lf{y + l)]H{Q-y) 
+1/9 (19 y^ + 14y3 + 14y2 + 14y + 19)/(y - 1)^ i/(0, 0; y) 
-2/3 (y4 _ 2 y3 - 4 y2 - 2 y + l)/[(y - lf{y + 1)] i/(0, 0, 0; y) 
-1/27 (-383 y2 + 198 C(2) y^ - 504 C(2) y + 646 y 

-383 + 198C(2))/(y-l)2, (120) 
3? cn = (-11 C(2) y' + 2 C(3) y^ + 30 C(2) y^ + 84 C(2) y^ + 4 C(3) y^ 

+30 C(2) y - 37 C(2) + 2 C(3))/[(y - l)2(y + 1)^] H{~1- y) 
-C(2) (7y^ + 30y^ + 127 y^ + 204 y^ + 101 y^ + 30y - 19) 
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-1/216 (8568 C(2) + 1620 C(3) - 2545 - 570 y^ 

+3024 C(3) y^ + 30888 C(2) y^ + 35496 C(2) + 2545 y^ 
+ 13716 C(3) + 1140 y^ + 25920 C(3) y^ + 25488 C(2) y^ 
+2545 + 936 C(2) y^ + 13500 C(3) ?/ - 216 C(2) y 
-570 y + 3024 C(3) y + 792 C(2) - 2545 + 1404 ((3)) 
l\{y-\)\y^\f\E{^-y) 
+ (3 + 2 C(2) + 22 C(2) - 1/^ - 2 + 68 C(2) 1/^-2 7/2 
+ 108 C(2) y" + 2 C(2) y - y + 22 C(2) + 3) 
/[(y-lf(y+iniJ(-l,0;y) 
+2 + + 1)(?/ - 1)] H{-\, -1, 0; y) 

-2 (1/2 + 1)V[(|/ - \)\y + 1)2] i7(0, -1, -1, 0; y) 
-4 (t/2 + \fl\{y - 1)2(^ + 1)2] E{-\, 0, -1, 0; y) 
+2(7|/5-7|/^ + 12|/3_4|/2 + ^_l) 

/[(!/- 1)3(1/ + 1)2] i7(0, 0,-1,0; I/) 

+4 (y2 + i)7[(^ - i)2(^ + 1)2] ^(1, 0, -1, 0; y) 

-6 (y2 + l)/[(y + l)(y - 1)1 //(I, -1, 0; y) 

+6 (y2 + l)7[(y - l)\y + 1)2] //(o, 1, -1, 0; y) 

+1/36 (-217 + 1332 C(2) + 282 + 252 C(2) y^ 

+1692 C(2) y^ + 451 y^ - 348 y^ + 3528 C(2) y^ - 467 y^ 
+324 C(2) y2 + 66 y + 252 C(2) y - 36 C(2) + 233) 

/[{y-my + mH{OAy) 

-8 (y2 + l)/[(y - l)2(y + 1)] y H{0, -1, 0; y) 
+2 (2y^-5y3- 14y2-5y + 6) 

/[(y-iny + ir]H(-l,OAy) 

+2 (y^ + 5y^ + 21y^ + 34 y^ + 17y2 + 5y - 3) 

/[(y-l)3(y + l)3]i/(0,-l,0,0;y) 
+1/6 (89 y^ + 402 y^ + 499 y^ + 354 y^ + 37 y^ + 24 y + 11) 

/[{y-lfiy + lf]H{0,0,0;y) 
-2 (y5 + 5 y^ + 18 y3 + 26 y2 + y + 5) 

/[(y-l)3(y + l)2]i/(-l,0,0,0;y) 
-(12y5 + y^ + 10y3 + 28y2_2y + l) 

/[(y-l)3(y + l)3]yi/(0,0,0,0;y) 
-2 (y2 + 3) (y2 + l)/[(^ _ l)2(,^ + i)2] ^(i^ q, 0, 0; y) 

+1/3 (53 y^ + 141 y3 + 228 y^ + 141 y - 17) 

/[(y-l)2(y + l)2]i/(l,0,0;y) 
-2(7y'' + 7y5 + 33y^ + 56y3 + 25y2 + 7y- 1) 

/[(y-l)3(y + l)3]i/(0,l,0,0;y) 
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+1/9 (54 C(2) + 31 + 105 + 180 C(2) - 105 y 

-31 + 126 C(2))/[(t/ - lf{y + If] H{1, 0; 
-6 {y^ + l)/[{y + l){y- 1)] H{-1, 1, 0; y) 
+6 {y' + lf/[{y - Ifiy + if] H{0, -1, 1, 0; y) 
+2/3 {34y^~3y'-33y'-3y-l) 

/[iy-lfiy + lf]H{0,l,0;y) 
+4 {y' + l)V[(t/ - Ifiy + 1)^] //(-I, 0, 1, 0; y) 
-2 (11 - 5 - 15 - 26 - 27 - 5 1/ - 1) 

/[(y- 1)3(1/ + l)-^]i/(0,0,l,0;y) 
-4(y2 + l)V[(?/-l)'(2/+ini/(l,0,l,0;i/) 
-10 {y' + lf/[{y - l)\y + 1)^] H{0, 1, 1, 0; |/) 
-1/3 (6 C(3) 1/^ + 149 C(2) y" + 342 C(2) y^ + 12 C(3) 

+576 C(2) y^ + 342 C(2) y - 77 ( (2) + 6 C(3)) 

/[iy-my + ir]H{l;y) 

+C(2) (35 / + 48 + 227 / + 360 y^ + 181 + 48 y - 11) 

/[{y-my + mH{OA;y) 

+1/540 (450 C(3) + 3240 C(2) ln(2) y^ - 7975 y^ 
-13257 C(2)2 y^ + 4560 C(2) y^ - 3726 C(2)^ y' 
+19440 C(2) ln(2) y^ - 46620 C(2) y^ + 22680 C(3) y^ 
-62700 C(2) y^ + 36270 C(3) y^ + 29160 C(2) ln(2) y^ 
-23193 C(2)^ y^ + 23925 y^ + 24120 C(2) y^ 
-31644 C(2)^ y^ - 29160 C(2) ln(2) y^ + 68520 C(2) y^ 
-30690 C(3) y^ - 23925 y^ - 8235 C(2)^ y^ 
-19440 C(2) ln(2) y - 3726 ((2)^ y - 22680 C(3) y 
+22500 C(2) y + 1701 C(2)^ - 6030 C(3) + 7975 
-3240 C(2) ln(2) - 10380 C(2)) 

/[{y-my + m 

+52/3 (y2 + l)/[{y - l)(y + 1)] H{1, 1, 0; y), 
3fJci2= 2(5y^ + 10y3 + 18y2 + 10y + 5) 

/[(y + l)2(y-l)2]i/(0,-l,0;y) 
-4 (3y5-3y^ + 6y=^ + 2y2-^ + i) 

/[(y-l)3(y + l)2]i7(0,0,-l,0;y) 
-1/4 (272 C(2) y6 - 229 y^ + 8 C(2) y^ - 266 y^ - 15 y" 

+200 C(2) y^ + 196 y' + 352 C(2) y' - 168 ((2) y^ + 189 y' 

+8C(2)y+70y-96C(2) + 55) 
/[(y-l)'(y+l)']i^(0,0;y) 
-2(8y^ + 19y3 + 46y^ + 19y + 8) 
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/[(y+ir(y-ini/(-l,0,0;y) 
+4 {y^ + +Uy^ + 2{)y^ +Uy'^ + y + 1) 

/[(l/-lf(l/ + l)3]/7(0,-l,0,0;|/) 
-2 (5 + 10 - 60 - 59 - 16 + 7 7/ + 5) 

/[(y-lf(y + l)3]ff(0,0,0;y) 
-8 {y^ + 2y^ + l^y^ + Uy'^ + Ay -I) 

/[(?/- 1)3(2/ + 1)2] ff(-l,0,0,0;y) 
+ (27 2/*^ + 2 2/^ + 27 2/^ + 56 - 7 + 2 2/ - 7) 

/[(2/ - 1)3(2/ + 1)3] i/(0, 0,0,0; 2/) 
+ 12 (2/2 + l)2/[(2/ + 1)2(2/ - 1)2] i/(l, 0, 0, 0; y) 

+2 (3 2/^ + 15 2/^ + 76 2/^ + 15 2/ + 5) 

/[(2/ + 1)2(2/- 1)2] /J(l, 0,0; 2/) 
+2 (7 y^ - 10 2/^ - 65 2/^ - 104 2/3 - 75 2/^ - 10 2/ - 3) 

/[(2/ - 1)3(2/ + 1)3] i7(0, 1,0,0; 2/) 
+16 (y2 + l)7[(y + l)2(^ _ 1)2] H{1, 1, 0, 0; y) 

-1/2 (-55 + 80 C(2) y" -82y' + 160 C(2) y^ + 82y 
+55 + 80 C(2))/[(2/ + 1)^(2/ - 1)'] H{1, 0; ?/) 

-2 (8y^ + 272/3 + 60y2 + 27y + 6) 
/[(y + l)2(y-l)2]//(0,l,0;y) 

+2 (11 + 2y5 + 33y^ + 562/3 + 23y2 + 2y + 1) 
/[(y-l)3(y + l)3] //(0,0,l,0;y) 

-4 C(2) (7 y' + 36 y3 + 132 y2 + 35 y + 11) 

/[(y+l)2(y-l)2]//(l;y) 

-8C(2) (4y6 - 6y5 - 41y^ - 72y3 _ 49y2 - 6y - 4) 

/[{y-my + ir]H{0,l;y) 
-48 C(2) (y2 + l)7[(y + iy{y - 1)2] H(l, 1; y) 
-1/10 (70 C(3) 7/ + 120 C(2) ln(2) y^-UBy'- 196 C(2)2 y' 
+1580 C(2) 2/' + 18 C(2)2 y' + 720 C(2) ln(2) 2/^ 
+ 1880 C(2) y' - 300 C(3) y' + 240 C(2) 2/' - 1490 C(3) y^ 
+ 1080 C(2) ln(2) 7/ - 74 C(2)2 y' + 345 7/ - 1720 C(2) y3 
+232 C(2)2 2/3 - 1080 C(2) ln(2) y^ - 1500 C(2) y^ 
+ 1530 C(3) y' - 345 y^ + 258 C(2)2 2/2 - 720 C(2) ln(2) y 
+18 C(2)2 y + 300 C(3) y - 160 C(2) 2/ + 136 C(2)2 
-110 C(3) + 115 - 120 C(2) ln(2) - 320 ((2)) 
/[(2/- 1)3(2/ + 1)3] 
+8 (y2 + l)y[{y - l)\y + 1)2] H{-1, 0, -1, 0; 2/) 
-2 (-24 C(2) + 2 C(3) y^ - 57 C(2) y3 + 4 C(3) y2 
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and 



-138 C(2) - 57 C(2) y - 24 C(2) + 2 C(3)) 
/[{y + my-lf]H{-l-y) 
-8 {y^ + lfl[{y - l)\y + 1)^] H{-1. 0. h 0; y) 
+8 (1/2 + 1)V[(|/ - 1)^(1/ + in 0,1, 0; y) 
+4 (1/2 + l)2/[(^ _ + 1)2] ^(0, 1,1,0; y) 

+1/8 (-85 1/6 + 104 C(2) y6 + 64 C(3) - 6 - 160 C(3) 

+184 C(2) 1/5 - 1056 C(3) y^ - 2312 C(2) y^ + 85 + 12 1/^ 
-1888 C(2) 1/-^ - 1536 C(3) y'^ + 85 7/ - 1056 C(3) 
-152 C(2) 1/2 _ 6 y + 360 C(2) 1/ - 160 C(3) 1/ + 64 C(3) 
+248 C(2) - 85)/[(i/ - l)-^(i/ + 1)3] H{Q- y) 

-12 C(2) (/^ + 1/5 + 14 1/^ + 20 1/3 + 14 1/2 + y + 1) 
/[(l/- 1)3(1/ + 1)3] i7(0,-l;i/) 

-4(i/2 + l)/[(i/-l)(i/ + l)]iJ(l,l,0;i/) 

+4 (-4 1/5 + 5 C(2) 1/5 + 2 1/^ + 7 C(2) 1/^ + 2 1/3 + 74 C(2) 1/3 + 2 1/2 
+54 C(2) y2 + 17 C(2) 1/ + 2 y - 4 - 5 C(2)) 

(121) 

^>ci= -lcjc3 = -^^>C5 = l/3(i/2 + l)/[(i/-l)(i/+l)], (122) 

$>C2= SC6 = 0, (123) 
^>C4= (l/2+l)2/[(l/-l)2(,^+l)2]i7(0;y) 

-{y' + l)l[{y-l){y + l)], (124) 

^>C7= -(l/2 + l)/[(i/-l)(i/ + l)]i/(-l;i/) 

+ (l/2+l)2/[(y-l)2(^+l)2]i^(0,-l;^) 

+2/[(i/-l)(i/ + l)]i/2i/(0;i/) 

-2 (1/2 + l)/[{y - lf{y + 1)2] H{0, 0; 1/) 

+ (l/2+l)/[(i/-l)(i/+l)]i7(l;i/) 

-{y' + lf/[{y-iny+ir]H{0,l;y) 

+ 1/36 (1/2 + 1) (67 1/2 + 18 C(2) 1/2 + 18 C(2) - 67) 

/[(l/- 1)2(1/ +1)2], (125) 
$>C8 = 2 (y2 + + 2) (y2 + l)/[(,^ + if^y _ l)^] /^(O;^) 
+3(i/2 + l)2/[(y-l)2(,^+l)2]iJ(o,0;i/) 
+4{y' + lf/[{y + lfiy-lf]H{l,0;y) 
-2iy' + l)/[{y-l){y+l)]H{l;y) 
+2{y' + lf/[{y-lf{y + lf]H{0,l-y) 
-1/2 (7 1/^ + 8 C(2) 1/^ + 2 1/3 + 16 C(2) 1/2 - 2 1/ - 7 + 8 C(2)) 

/[(1/ + 1)2(1/ -1)2], (126) 
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cg = -1/9 (19 y2 + 6 y + 19)/[(|/ -l){y + 1)] H{0; y) 
-2/3 (|/2 + l)/[(t/-l)(i/ + l)]iJ(0,0;i/) 
-4/3 {y^ + l)/[{y + l){y-l)]H{l,Q-y) 
-2/9 (19 y2 + 6 y + 19)/[(i/ - l)(y + 1)] H{1- y) 
-4/3 (i/2 + l)/[(y-l)(y + l)]if(0,l;y) 
-8/3 {y^ + l)l[{y-l){y + l)]H{l,l-y) 

-1/54 (209|/2 + 78 1/ + 2m)/[{y - l){y + 1)], (127) 
$>cio = 1/9 (19i/^+ 14t/3 + 14y2 + lAy+l9)/{y - l)'i/(0;i/) 

-2/3 {y^-2y^-Ay^-2y + l)/[{y- l)\y + 1)] i7(0, 0; y) 
-1/54 (265 + 208 y^ + 14 j/^ + 208 y + 265) 

/[(!/- 1)^^(1/ + 1)], (128) 
cn = 52/3 (1/2 + l)/[(^ - l)(t/ + 1)] i/(l, 1; y) 

+2 (^2 + i)/[(^_i)(^+i)]^(_i^_l.^) 

-2 [y^ + l)V[(y - l)2(y + If] H{0, -1, -1; y) 
-(2C(2)2/^-3y^-2y=^ + 4C(2)y2 + 2y + 2C(2) + 3) 

-8 (y^ + l)/[(y - l)2(y + l)]yH{0, -1; y) 

-4 (y^ + i)7[(y - + 1)'] ^(-1, 0, -1; y) 

+2 (7y'-7y^ + 12y^-Ay^ + y-l) 
/[{y-lf{y + lf] H{0,0,-l;y) 

+Hy' + ir/[(y-my + mH(iA-i;y) 

-6(y2 + l)/[(y-l)(y + l)]//(l,-l;y) 

+6 (y^ + i)V[(y - If (y + If ] ^(0, 1, -1; y) 

+2 (y6 + 5 + 21 y^ + 34 + 17 y' + 5 y - 3) 

/[iy-lf{y + lf]H{0,-l,0;y) 
+1/6 (89 y*^ + 402 y^ + 499 y^ + 354 y^ + 37 y^ + 24 y + 11) 

/[(y-l)=^(y + l)^] H{0,0;y) 
-2 (y^ + 5 y^ + 18 y^ + 26 y2 + y + 5) 

/[(y-l)3(y + l)2]iJ(-l,0,0;y) 
+1/36 (468 C(2) y^ - 217y^ - 288 C(2) y^ + 499 y^ - 48 y^ 

+1260 C(2) y' - 300 y^ + 252 C(2) y^ + 216 C(2) y - 167y 

-36 C(2) + 233)/[(y - l)\y + 1)^] H{0; y) 
+2 (2 y^ - 5 y^ - 14 y2 - 5 y + 6)/[(y - l)\y + 1)^] H{-1, 0; y) 
-(12y5 + y'^ + 10y=^ + 28y2-2y+l) 

/[(y-l)3(y + l)-^]yi/(0,0,0;y) 
+1/3 (53 y^ + 141 y^ + 228 y^ + 141 y - 17) 

/[(2/-i)'(y + i)1i^(i,0;y) 



41 



-2 {7 + 7 + 33y^ + 56y^ + 25y^ + 7 y - 1) 
/[{y-lf{y + lf]H{0,l,0;y) 

+1/9 (18 C(2) + 31 + 105 y' + 36 C(2) y' - 105 y 
+18a2)-31)/[{y-iny + lf]H{l;y) 

-6 {y^ + l)/[{y-l){y+l)]H{-l,l;y) 

+6{y' + lf/[{y-l)\y + lf]H{0,-l,l-y) 

+2/3 (34 y^-3y'-33y'-3y-l)/[{y- lf{y + 1)^] H{0, 1; y) 

+4{y' + lf/[{y-l)\y + mHi~l,0,l;y) 

-2 {j/ + 3) (7/ + l)/[(y - lf{y + 1)2] i/(l, 0, 0; y) 

-2 (1 1 y*^ - 5 - 15 - 26 - 27 - 5 y - 1) 
/[(2/-l)3(|/ + l)3]i7(0,0,l;|/) 

-4(y2 + i)V[(^-l)2(^ + l)2]^(l,0,l;i/) 

-lQ{y' + lf/[{y-lf{y + lf]H{Q^^-y) 

-1/216 (-2545 / + 1620 C(3) / + 2160 C(2) / + 3024 C(3) y^ 
-570 + 1944 C(2) - 432 C(2) y"^ + 13716 C(3) 2/^ 
+2545 + 1140 + 25920 C(3) y^ + 13500 C(3) 
+2545 y2 _ 1728 C(2) - 1944 C(2) y + 3024 C(3) y - 570 y 
+1404 C(3) - 2545)/[(y - l)\y + 1)=^], (129) 
9 C12 = 4 (-4 y^ + C(2) y^ - 2 y=^ + 2 C(2) y^ + 2 y + C(2) + 4) 
/[(y + l)2(y-l)2]//(-l;y) 

+2 (5 y^ + 10 y=^ + 18 y2 + 10 y + 5)/[(y + lf{y- if] H{0, -1; y) 

+8 (y2 + l)V[(y - l)2(y + If] H{-1, 0, -1; y) 

-4(3y5-3y^ + 6y=^ + 2y2-y + l) 

/[(y-if(y + in^^(o,o,-i;y) 

-1/4 (-229 y5 + 56 C(2) y^ - 64 C(2) y' - 37 y^ + 48 C(2) y^ 

+22 y=^ + 174 y2 - 144 C(2) y^ + 15 y + 32 C(2) y 

-40 C(2) + 55)/[(y - lf{y + 1)^] H{0- y) 
-2 (8 y^ + 19 y3 + 46 7/ + 19 y + 8)/[(y +lf{y- if] H{-1, 0; y) 
+4 (y^ + y^ + 14y^ + 20y3 + 14y2 + y + 1) 

/[(y-l)3(y + l)3]i/(0,-l,0;y) 
-2 (5 y^ + 10 y5 - 60 y^ - 59 y3 - 16 y2 + 7 y + 5) 

/[(y-l)3(y + l)3]i7(0,0;y) 
-8 (y5 + 2y^ + 18y3 + 14y2 + 4y-l) 

/[(y-l)3(y + l)2]i/(-l,0,0;y) 
+ (27y^ + 2y5 + 27y^ + 56y3 - 7y2 + 2y- 7) 

/[(y-l)3(y + l)3]iJ(0,0,0;y) 
+12 (y2 + 1) V[(y + lf{y - if] H{1, 0, 0; y) 
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+2 (3 + 15 y3 + 76 y2 + 15 y + 5)/[(i/ + lf{y - if] H{1, 0; y) 
+2 (7 - 10 - 65 - 104 y^ -75y^ -IQy- 3) 

/[(t/-lf(l/ + l)3]i/(0,l,0;i/) 
+lQ{y' + lf/[{y + l)\y-lY]Hil,l,0;y) 
-1/2 (32 C(2) 1/^ - 55 - 82 y' + 64 C(2) y' + 82y 

+32a2) + 55)/[iy+iny-lf]Hil;y) 
-2 (8 y^ + 27y^ + 60 + 27y + 6)/[{y + lf{y - if] H{0, 1; y) 
-S{y' + lf/[iy-l)\y+lf]Hi^l,0,l;y) 
+2 (11 y^ + 2y^ + 33y^ + 56y^ + 23y^ + 2y + 1) 

/[{y^lf{y + lf]H{0,(},l;y) 
+8{y' + lf/[{y-iriy + lf]H{l,0,l-y) 
-4iy' + l)/[{y -l){y + l)]H{l,l;y) 
+iiy' + lf/[{y-lfiy + lf]HiO,l,l;y) 
+ 1/8 (-56 C(2) + 64 C(3) / - 85 / - 6 - 160 C(3) y' 
-136 C(2) 1/^ + 85 - 392 C(2) y' - 1056 C(3) / 
-1536 C(3) + 12 - 1056 C(3) y^ + 360 C(2) + 85 
+136 C(2) y - 6 y - 160 C(3) y + 64 C(3) -85 + 88 C(2)) 
/[(y-lf(y + in, (130) 

respectively 

?R:dj = for j = 1...7, (131) 

3? Jg = 2 (5 y2 + 2 y + 5)/[(y - l)(y + 1)'] y H{0; y) 

-4 (3 y^ + 2 y + 3) (y^ + l)/[(y - lf{y + 1)^] y (0, 0; y) 
+4 (-y^ + 9 C(2) y^ + 6 C(2) y^ + 18 C(2) y^ + 2 y^ + 6 ((2) y 

-l + 9C(2))/[(y-l)^(y + l)^]y, (132) 
aftjg = 2/9 (51 y2 + 26y + 51)/[(y - l)(y + lf]yH{{)- y) 
+4/3 (3 y2 + 2 y + 3)/[(y - 1) (y + 1)=^] y (0, 0; y) 
+8/3 (3 y2 + 2 y + 3)/[(y - l)(y + 1)'] y i/(l, 0; y) 
-4/9 (36 C(2) y^ + 19 y^ + 24 C(2) y - 19 + 36 C(2)) 

/[(y-l)(y + l)=']y, (133) 
K (iio =2/9 (51 y^ + 176 y^ + 144 C(2) y^ - 70 y^ + 176 y + 51) 
/[(y-l)3(y + l)3]yi/(0;y) 
-4/3 (3 y^ + 14 y^ - 2 y2 + 14 y + 3) 
/[(y-l)^(y + l)2]yi/(0,0;y) 
-16/[(y-l)3(y + l)3] y3i/(0,0,0;y) 
-8/9 (-4 y2 + 9 C(2) y=^ + 32 y - 4 + 9 C(2)) 

/[(y-l)2(y + l)2]y, (134) 
Jn = -72 C(2) (3 y2 + 2 y + 3)/[(y - l)2(y + 1)^] y^ i/(-l; y) 
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+24C(2) {5y^ + Uy^ + 42y^ + Uy + 5) 

/[iy-lfiy + lf]y'H{0,-l-y) 
+1/18 (648 C(2) y^ - 687 y^ + 26y^ + 1008 C(3) y^ + 8712 C(2) y^ 

+ 11808 C(2) ?/ + 4752 C(3) y^ + 687 + 9216 C(3) y^ 

-52 + 14112 C(2) y^ + 687 + 4752 C(3) y^ 

-648 C(2) y' + 1008 C(3) y + 26y-648 C(2) y - 687) 
/[{y-l)\y + lf]yH{0-y) 
-4 (1/4 + 24 C(2) y' + 64 C(2) _ 2 + 24 C(2) 2/ + 1) 

/[(y-lf(y + lf]yi/(-l,0;y) 
+ 16/[(y- 1)2(1/ + 1)2] y^H{0,-l,0-y) 
-32/[{y - l f{y + 1)^] y^ H{0, 0, -1, 0; y) 
-1/3 (-39 ?/^ + 184 y^ + 84 ((2) y^ + 87 + 432 C(2) y^ 

+1416 C(2) 2/^ - 152 y^ + 432 C(2) y' -81y^-32y 

+84 C(2) 1/ + 33) /[{y - ifiy + 1)^] y H{0, 0; ?/) 
+24 (3 y2 + 2 y + 3)/[(|/ - 1)2(|/ + 1)^] y^ H{-1, 0, 0; y) 
-8 (5y4 + 14y=^ + 42y2 + i4y + 5) 

/[(y-l)^(y + l)^]y2//(0,-l,0,0;y) 
-2 (9 y4 + 112 + 146 y^ + 196 y + 9) 

/[(y-l)=^(y + l)5]y=^i/(0,0,0;y) 
+16 (3 y2 + 8 y + 3)/[(y - l)^(y + 1)^] y' H{-1, 0, 0, 0; y) 
+4 (y4 + 5y=^ + 38y2 + 5y + l) 

/[(y-l)=^(y + l)5]y2i/(0,0,0,0;y) 
-2 (9 y4 + 92 y=^ + 130 y^ + 92 y + 9) 

/[(y-l)2(y + l)4]y//(l,0,0;y) 
+8(7y4 + 29y^ + 62 y2 + 29y + 7) 

/[(y-l)=^(y + l)^]y2i/(0,l,0,0;y) 
-2/3 (3 y2 + 88 y + 3)/[(y - 1) (y + 1)^] y H{1, 0; y) 
+48 (y2 + y + l)/[(y - l)2(y + 1)^] y^ H{Q, 1, 0; y) 
-8 (5y4 + 14y3 + 30y2 + 14y + 5) 

/[(y-l)3(y + l)^]y2i7(0,0,l,0;y) 
+12 C(2) (3 y^ + 40 y^ + 62 y2 + 40 y + 3) 

l[{y-iny + if]yH{i;y) 

-48 C(2) (4y4 + 17y=^ + 32y2 + 17y + 4) 
/[(y-l)^^(y + l)^]y2if(0,l;y) 

+2/45 (605 y^' - 540 C(2) ln(2) y^ - 270 C(3) y^ - 180 C(2) y^ 
+621 C(2)2 yS - 3690 C(3) y^ - 2160 C(2) ln(2) y^ 
+9390 C(2) y^ - 1815 y^ + 5670 C(2) y^ + 3906 ((2)^ y^ 
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-2700 C(2) ln(2) - 5490 C(3) - 5100 C(2) 
+4626 C(2)2 - 5760 C(2) y'^ + 2700 C(2) ln(2) y"^ 
+5490 C(3) y"^ + 3906 C(2)^ y'^ + 1815 ?/ + 621 ((2)^ y 
+2160 C(2) ln(2) y - 4290 C(2) y + 3690 C(3) y 
+540 C(2) ln(2) + 270 C(2) + 270 C(3) - 605) 
/[{y-lf{y+lf]y, 

-24 C(2) (3 + 7 y3 + 64 y2 + 7|/ + 3) 
/[{y-lf{y + lf]yH{~l-y) 

-48C(2) (y^-19y=^-16y=^-19y + l) 
/[{y^lf{y + lf] y^H{0,-l;y) 

+1/2 (61 / + 96 C(2) y' - 120 C(2) y' + 22 + 32 C(3) 

-61 + 1056 C(3) 1/^ + 3168 C(2) y^ - Uy^ + 1664 C(3) y 
+896 C(2) - 144 C(2) y' + 1056 C(3) y' - 61 
+32 C{3)y + 22y- 200 C(2) |/ + 61 - 240 C(2)) 
/[{y-l)'{y + lf]yH{0;y) 

-32 (-y^ + 2 C(2) + + 34 C(2) + 2 C(2) y + y - 1) 
/[(y-lf(y + lf]y/f(-l,0;y) 

-8 (3 y^ + 6 y3 + 14 y2 + 6 y + 3)/[(y - l)'(y + 1)'] y 
^(0,-1, 0;y) 

+64/[(y - l)=^(y + 1)=^] H{0, 0, -1, 0; y) 

+(-125 y6 + 24 C(2) y' - 230 y' + 24 C(2) y' - 187 y^ 
+480 C(2) y^ + 204 y^ + 24 C(2) y' + 269 y' + 26 y 
+24 C(2) y + 43)/[(y - l)=^(y + 1)^] y H{0, 0; y) 

+8 (3y^ + 7y=^ + 64y2 + 7y + 3) 

/[(y-lf(y + l)^]y//(-l,0,0;y) 

+16 (y^ - 19 y^ - 16 y2 - 19 y + 1) 

/[(y-l)3(y + l)5]y2^(0,-l,0,0;y) 

+4(14y5- 175?/-56y3- 14y2 + 6y + 9) 
/[{y-lf{y + lf]yH{0,0,0;y) 

+32 (y2 + 17 y + l)/[(y - lf{y + 1)^] y^ i/(-l, 0, 0, 0; y) 

-8 (y^ + 5y3 + 38y2 + 5y+ 1) 

/[(y-l)3(y + l)5]y2^(0,0,0,0;y) 

-4 (15 y^ + 16 y3 + 198 y^ + 16 y + 15) 
/[(y-l)2(y + l)^]yi/(l,0,0;y) 

+16 (y^ + 37y3 + 54y2 + 37y + 1) 

/[{y-lfiy + l)']y'H{0,l,0,0;y) 

-2 (25 y' + 86 y + 25)/[(y + l)'{y - 1)] y (1, 0; y) 
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+8 (3y^ + 13?/ + 64y2 + i3y + 3) 

/[(y-ir(y + inyiJ(0,l,0;i/) 
+16 (y^ - 19 - 28 - 19 y + 1) 

+24C(2) (9y^ + 14?/ + 102?/ + 14|/ + 9) 

/[{y-lf{y + lf]yH{l-y) 
-192 C(2) (8 / + 13 y + 8)/[(y -lf{y + if] / i/(0, 1; y) 
-1/5 (85 / - 240 C(2) ln(2) y^ + 60 C(3) y^ - 1640 C(2) / 
+68 C(2)=^ / + 320 C(3) / - 960 C(2) ln(2) / 
-3480 C(2) / - 255 / - 4400 C(2) / + 20 C(2)=^ / 
-1200 C(2) ln(2) / + 3340 C(3) / + 3600 C(2) / 
-960 C(2)2 / + 5560 C(2) / + 1200 C(2) ln(2) / 
-3340 C(3) / + 20 C(2)2 / + 255 / + 68 ((2)^ y 
+960 C(2) lii(2) y - 120 C(2) y - 320 C(3) y + 240 C(2) lii(2) 
+480 C(2) - 60 C(3) - 85)/[(|/ - lf{y + 1)^] y, (136) 



for j = 1 . . . 7, (137) 

-4 (3 / + 2 y + 3) (/ + l)/[{y - lf{y + 1)^] y H{0; y) 

+2 (5 / + 2 1/ + b)/[{y -l){y + if] y, (138) 

4/3 (3 / + 2 1/ + 3)/[(y -l){y + if] y i/(0; y) 

+8/3 (3/ + 2y + i)/[{y - l){y + lf]yH{l-y) 

+2/9 (51 / + 261/ + 51)/[(|/ -l){y + If] (139) 
-4/3 (3 / + 14 / - 2 / + 14 y + 3)/[(y - lf{y + 1)^] y H{0; y) 
-l6/[{y-lf{y + lf]y'H{0,0;y) 

+2/9 (51 / + 176 / - 70 / + 176 y + 51) /[{y - l f{y + 1)^] y, (140) 

-4/[{y-l){y+l)]yH{-l;y) 

+ l6/[{y-lf{y + lf]y'H{0,-l;y) 

-32/[{y-lf{y+lf]y^H{0,0,-l;y) 

+ 1/3 (39 / - 223 / - 60 C(2) - 252 C(2) / + 136 / 

-252 C(2) y^ + 16 / - 60 C(2) y + 65y-33) 
/[iy-lf{y + lf]yHiO-y) 
+24 (3 / + 2 y + 3)/[{y - lf{y + 1)^] / H{-1, 0; y) 
-8 (5/ + 14/ + 42/ + 14y + 5) 

/[{y-lf{y + lf]y'H{0,-l,0;y) 
-2 (9 y'^ + n2y^ + 146 / + 196 ?/ + 9) 

/[{y-lf{y + lf]y'H{0,0;y) 
+16 (3 / + 8 y + 3)/[(|/ - lf{y + 1)^] / i7(-l, 0, 0; y) 



46 



+4 (y^ + 5 + 38 + 5 1/ + l)/[{y - lf{y + 1)^] H{0, 0, 0; y) 
-2 (9 y^ + 92y^ + 130 y^ + 92y + 9) 

/[{y-l)\y + iy]yH{l,0;y) 
+8 (7 + 29 + 62 y2 + 29 y + 7) 

/[(l/-lf(l/ + l)^]y2iJ(0,l,0;y) 
-2/3 {3y^ + 88y + 3)/[{y - l){y + lf]yH{l- y) 
+48 {y^ + y + l)/[{y - lf{y + 1)^] y^ H{0, 1; y) 
-8 (5i/^ + 14y3 + 30y2 + 14y + 5) 

-1/18 (687 - 26 - 648 C(2) y^' - 1008 C(3) y^ - 4752 C(3) y^ 
-1296 C(2) 1/^ - 687 - 9216 C(3) y^ + 52 
+1296 C(2) y^ - 4752 C(3) y^ - 687 + 648 C(2) y 
-1008 C(3) y-26y + 6S7)/[{y - ifiy + 1)^] y, (141) 

32 (1/=^ + 1/ + l)/[iy + 1)3(1/ - 1)] i///(-l; y) 

-8 (3 + 6 y3 + 14 y2 + 6 y + 3)/[(|/ - 1)^(2/ + 1)^] y (0, -1; y) 

+64/[(y - l)3(y + If] y^ H{0, 0, -1; y) 

-{125 y' -8 C(2) + 105 y' + 64 C(2) y^ + 82y^- 286 
+64C(2)y2 + 17y-8C(2)y-43) 

/[(y-ir(y + i)1y^(0;y) 

+8 (3 + 7 y3 + 64 y2 + 7 y + 3)/[(y - l)'(y + 1)1 yH{-l,0;y) 
+16(y^- 19y3- 16y2- 19y + l) 

/[(y-l)3(y + l)1y2i/(0,-l,0;y) 
+4(14y^-175y^-56y3- 14y2 + 6y + 9) 

/[(y-l)3(y + l)1y//(0,0;y) 
+32 (y2 + 17y + l)/[(y - lf{y + 1)^ y^ //(-I, 0, 0; y) 
-8 (y^ + 5 y3 + 38 y2 + 5 y + l)/[(y - l)3(y + 1)^] y^ H{0, 0, 0; y) 
-4 (15 y^ + 16 y3 + 198 y^ + Wy + 15) 

/[(y-l)2(y + l)1yi/(l,0;y) 
+16 (y^ + 37 y3 + 54y2 + 37y + 1) 

/[(y-l)3(y + l)5]y2^(0,l,0;y) 
-2 (25 y' + 86 y + 25)/[(y + l)3(y - 1)] y H{1- y) 
+8 (3 y^ + 13 y3 + 64 y2 + 13 y + 3)/[(y - l)2(y + 1)^ y H{0, 1; y) 
+16 (y^ - 19 y3 - 28 y^ - 19 y + 1) 

/[(y-l)3(y + l)'^']./i/(0,0,l;y) 
+ 1/2 (61 y6 + 96 C(2) y' + 104 C(2) y^ + 32 C(3) y^ + 22 y^ 

+368 C(2) y^ - 61 y^ + 1056 C(3) y^ + 1664 C(3) y^ - 44 y^ 

-368 C(2) y2 + 1056 C(3) y^ - 61 y=^ - 104 C(2) y + 22 y 
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+32 C(3) y - 96 C(2) + 61)/[(t/ - lf{y + 1)^] y. (142) 



6.3 Threshold Expansions 

In this Section we expand the one and two loop form factors near threshold S ~ 4m^, 
i.e. y — > 1 in powers of 

^=f^- (143) 

Up to and including terms of order the non-vanishing real and imaginary parts 
of the coefficents Oj, 6j, Cj and dj (i = 1 . . . 3, j = 1 . . . 12) are: 

g?a2 = ^ - 2, (144) 

5fta3 = (-l + ln(/3)+ln(2)), (145) 

^Si = (146) 

»a2 = i (-l + ln(/3) + ln(2)), (147) 
^>a3 - i(-ln2(/3)-2 + 2 1n(/3)-ln2(2) 

-2 1n(2)ln(/3) + 2 1n(2) + C(2)), (148) 

3f?62 = -1, (149) 

= -^+2, (150) 

^>62 = ^ (151) 

^^63 = ^ (2 - 2 ln(/3) - 2 ln(2)) , (152) 

5^54 = -^C(2), (153) 



^^^8 = -^(-l+ln(/3)+ln(2)) 



3(12) 

+3C(2)(2 1n(/3)-l + 2 1n(2)), (154) 
3?C9 - ^(_ii + 6 1n(/3) + 6 1n(2)) + -, (155) 

J^cio = f -yC(2), (156) 
5Rcn = -^(66 1n(/3)- 97 + 66 1n(2))-^C(3)-^ 
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89 

-18 C(2) ln(2) + - C(2) - 4 C(2) ln(/3), (157) 
3^ci2 = ^(-4 1n2(2) + 3C(2) + 8 1n(2)-8 1n(2)ln(/5) 

-4 + 8 ln(/3) - 4 - ^ - 12 C(2) ln^(2) 

23 

-24 C(2) ln(2) ln(/3) - 12 C(2) ln^(/3) + - 



+9 C'(2) - 8 C(2) - ^ C(3) + 2 C(2) ln(/3) + 21 ((2) ln(2), (158) 

(159) 

(160) 

(161) 

(162) 

K(2), (163) 



$5 Ci = 


1 

~6^' 






11 

24/3' 






5 

18/3' 




9 67 = 


31 

72/3' 




^Cg = 


3C(2) 


1 


2/32 




1 /62 




^V27 ~ 


9 



2 22 
>) + - ln\2) - - ln(/3) 

+ ^ln2(/3) + lln(2)ln(/3)), (164) 

1 /97 , 239 11 , o,^, 11 , 2^ 

Qcn = - ( — ln(/3) ln2(/3) In^ 2 

/3 V18 54 6 6 

+ gln(2)-Hin(2)ln(/3))+2C(2), (165) 

$Jci2 = ^(-l+ln(/3)+lii(2)) + i(2-2 1n(/3)-2 1n(2)) 

+C(2) (12 ln(2) + 12 ln(/3) - 1) , (166) 
^^~8 = ^ + ^C(2), (167) 

- (168) 
8 49 

^d^o = --C(2) + -, (169) 

Udn = -i^ + |c(2)-18C(2)ln(2) 

15 1 51 

-8C(2)ln(/3)--C(3) + — , (170) 
3?rfi2 = -^(2 1n(/3)-l + 2 1n(2))-^-15C(2)ln(2) 
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~ C(2) - ^ C(3) - 20 C(2) ln(/3) + (171) 

^ds = ^, (172) 

1/4 4 16A 

^^^9 = ^ ln(2) + - ln(/3) - - j , (173) 

1/11 39 1 1 \ 

^^^11 = ^ (^-y ln(2) + ---ln(/5)j+4C(2), (174) 

^du = ^ + ^ (-3-ln(2)-ln(/?)) + 10C(2). (175) 

These expansions are relevant, for instance, for studies of QQ production near 
threshold. For a study using the one- loop axial form factors see |22j|. 



6.4 Asymptotic Expansions 

In this section, we write down the expansions of the form factors in the limit S ^ m^, 
i.e. 1/ — > 0. Putting r = and L = Inr, and keeping terms up to we find for 
the coefficients that are non-vanishing to that order: 

JJai = ^ (-3 + 2L)-^-l + L, (176) 
3?a2 = ^ (-8 + 13L + 8C(2)-L2) + 1 (-1 + 5L) 

-2 + ^L-iL2 + 4C(2), (177) 

1 / 1 13 

5Ra3 = - 4C(3) + 52C(2) + -L3-— l2-5 + 32L-8LC(2) 
r-^ \ 3 2 

1 / 5 
+ - 20C(2)--L2-3 + 6L 
r \ 2 

+6 C(2) - 4 + 2 C(3) - ^l2 + 4L + 1l3-4 LC(2), (178) 

!3ai = -^-1, (179) 

= 4 (-13 + 2L)---^ + L, (180) 
r r 2 

= ^ (13L-32-L2 + 4C(2)) +^ (-6 + 5L) 

+2C(2)-iL2-4+^L, (181) 
3f?62 = ^ (12-4L) + - (4-6L), (182) 

ry A ijn 

= 4 (12-32L + 2L2-16C(2)) + -(8-12L + 3L2-24C(2)), (183) 
4 6 

5362 = ^ + - (184) 
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^ (32-4L) + - (-6L + 12), (185) 



,2 



1 /II 11 \ 11 11 11 , , 

L + — + L, 187 

4 6 y 6r 12 12 ' ^ ^ 

^ (5 + 2 - 12 C (2) - 5 L) + J (-2 L + 2) 

+ 1l2-3C(2) + ^-L, (188) 
1 /5 10 \ 10 5 5 , , , 

l(Hc(2)-2C(3)-L^ + lL^ + f L-6LC(2)-| 

1/67 \ 1 49 1 67 1 

+; (-18 + + 2 - 36 - 2 + 36 ^ - 2 «^)- (1^°) 

1 / 37 7Q 

_ (-2L3 + 16-116C(2) + :^^L2 + 40LC(2)-^L 

+ ^ (-38 C(2) + 6 - 9 L + 5) 

+2 - ^ - ^ L + 2 - 13 C(2) + 10 LC(2), (191) 

356 ,,, 8,,, 2 „ 8,,,, 49 . 23 959 , 
o . C 2 - - C 3 - - + - LC 2 + — ^ H L 

1 / 89 _ 5 .2 . 59 32 



+ - L + -L' + C(2) 

r V 9 3 27 3 ^ 

1,0 19,2 209 , 64,,^, 4,,^, 106 4 ,,,^, 

— ^ H ^ C 2 - - C(3) H h - LC 2), (192 

9 18 54 9 ^ ^ 3 ^ ^ 27 3 ^ ^ ^ ^ 

1 / 16,.,^^ 1153 229 ,2 -.^./^x 2230 , 

^ LC(2) H ^ + 12 C(2) + -L^ L 

r2 V 3 ^ 18 9 ^ 9 27 

1 /385 161 , 17 ,2 4 

+ « _ ?H C(2) - 2^ L + ^ - i L= + 1 LC(2), (193) 
18 3 ^ 54 27 9 3 ^' ^ ' 

r^y^ + 'i + C (2) ln(2) + f LC(2) + If + II 
^^^^C(2)-110LC(3) + i^C(3)-10L^C(2) + ^L 



.V / .V . . g .V / ' ^ ^ ■ 108 

1 / 1 ,4 69 ,2/ X . X 1189 , 5 ,2 137 , 

+ - — + — C 2 - 14LC 3 + L + — L^ ( 2 

r V24 10 ^ ^ ^ ^ 36 12 3 ^ ^ ^ 

7 1 S7 

+55 C(3) + 36 C (2) ln(2) + 7LC(2) - - 1^(2) - — 
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1595 11 ,,,^, 233 ,2 11 rs 67,,^, 63 ^o/^n 
- — LC(2) - C(3) - — C'(2) 



108 3 ' 72 36 6 ' 20 

+ 1 L\{2) + C(2) - y LC(3) + 6 C(2) ln(2) + ^ ^, (194) 



i + ^ C'(2) - 288 C (2) ln(2) + + 350 LC(2) - 625 C (2) 



85 37 
-148 LC(3) + 95 - — + 190 C(3) - 55 L^C (2) + y 

+K"^ " ^^^^ " ^ ^ ^ ^'^^^ " ^° ^^^^^ " T ^ 

+ -fL^ + L\{2) + 10 C (3) - 72 C(2) ln(2) + 113 LC (2) + 

+f - ^ + 31 LC(2) + I - 32 C(2) - 11 C(3) + I C^(2) 

7 85 
-12 L\{2) + _ + 8 LC(3) - 12 C(2) ln(2) - - L, (195) 



1 



3r2 3' 
11 11 



(196) 
(197) 



6r2 12' 

^ (5-4L) + - + l-L, (198) 

1 (2C(2)-f + 2L-L^)+1C(2)-|, (200) 

-3^ (^-16C(2) + 6L2 + ^-37L^ +^ (9-12L) 

+^-4L-4C(2) + ^L^ (201) 
959 2 . 98 \ 1 / 10 , 89 



r^ \27 3 9 

19 , 209 1 „ , , 

L + + -L^, 202 

9 54 3 ' ^ ^ 

1 ^ 4 ,2 458 , , 2230\ , 1 flQl 34 



, . — L + + L 

\ 3 9 27 yrV9 3 

1 ,2 19 , 265 
-l(llOC(3)-15!12_l!?i^20LC(2)-31C(2)-Hi^ 
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11 ,2 233 , 13 2545 
H C(3) - LC(2) , 

12 36 2 ^ ^ 216 ' 



1 



^5 



37 



— 62 LC(2) + —L^ + 148 C(3) - 4 L'^ - 180 C(2) - 190 L 



+ - 



20 C(3) - 49 C(2) + 16 + i 



2LC(2) + ^-|l 



85 55 7 

+f - 8 C(3) + 5 - ^ L - ^ + 10 LC(2) - 11 C(2), 

^ (-20-4L2 + 24C(2) + 28L) 

+ J (-6L2 + 10L-4 + 36C(2)), 

196 , 32 44 4 . 

LH C(2) 

9 3 ^ 3 3 



+- 



+- 



-^ + 16C(2)-2L^ + |l 
-44-f L^-16C(2) + ^L 



-8C(2) + |-2L^ + |l 

./^M ^ 157 43 ,2 401 , 
-96C(2)ln2 + — --L2-— L 

680 



(204) 

) 



(205) 



(206) 



(207) 



(208) 



36LC(2)-ipC^(2) 



■- + 56 LC (3) + 14 L'Ci2) + ^ C(2) - 164 C(3) 



1 / 229 
+ -(-12C(3)--^L-12C(2) 
r \ 6 

-24C(2)ln(2) + HL^ + ^), 



(209) 



^ - 115 + 43 L + 360 C (2) - 100 LC(2) + 16 L({3) - 12 L'^C{2) 
+192 C(2) In 2 + y C'(2) + ^ - 64 C(3) + 4 - 67 L^) 

-1 / 1 

+ - f 96C(2) + 48C(2)ln2 + yL + 6L^-17 



43 \ 
-12C(3)--L2-120LC(2)j, 



8L) + - 

r 

196 8 , 

h 

9 3 



+ 



10 + 12L), 



34 , , 

h4L 

3 



62J 
~9" 



104 \ 1 
6 I r 



34 



+ 4L 



(210) 
(211) 
(212) 
(213) 
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^dii = ^ (^ + ^L3 + yL-20LC(2) + 36C(2)-56C(3) 

Qdi2 = ^ (^-43 - 16 C(3) + 52 C(2) - ^ + 8 LC(2) - 12 + 134 L 

+ ^ (^43 L - y + 48 C(2) - 18 L^^ . (215) 

The limit r ^ oo corresponds to the massless hmit m ^ 0. Therefore the chirahty- 
flipping form factors F2 and G2 must be of order 1/r, and those terms in the chirahty- 
conserving form factor Fi that survive the hmit r 00 must be equal to the 
corresponding terms in Gi. The asymptotic expansions given above and in pTj satisfy 
these constraints. 

All the results of this Section can be obtained in an electronic form by down- 



loading the source of this manuscript from http: / /www. arxiv.org 



7 Summary 

In this paper we calculated the axial vector form factors Gi and G2 to second order 
in the QCD coupling, excluding the contributions from Fig. ^ (a) and (b). The 
results for the two form factors were obtained keeping the full dependence on the 
mass of the heavy quark, as well as on the arbitrary momentum transfer. 

The renormalized form factors are expressed in terms of the MS coupling ag for 
{Nf + 1) quark flavors and of the on-shell mass of the heavy quark. The expres- 
sions for the unsubtracted as well as the UV-renormalized form factors are given in 
closed analytic form as a Laurent expansion in e = (4 — D)/2. The coefficients of 
this expansion have a suitable representation in terms of 1-dimensional harmonic 
polylogarithms. Poles in e, which correspond to soft and coUinear divergences, are 
still present in Gi,2,_r, like in -Fi,2,_r- Depending on the observable considered, these 
divergences must cancel either among each other or against the divergences arising 
from the real radiation, which in this paper was not taken into account. 

As already discussed in the introduction and in our preceeding paper pP our 
results for the vector and axial vector form factors are part of the order q;| QCD 
corrections to the differential electroproduction cross sections of heavy quarks and, 
moreover, have a number of immediate applications. These include studies of the 
extrapolation of the continuum amplitudes to the QQ production threshold and 
studies concerning the generic singularity structure of QCD amplitudes with massive 
quarks. Of general interest is the computation of the NNLO QCD corrections to the 
forward-backward asymmetry of heavy quarks. We shall report on this in a future 
publication. 
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